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ON PERFECT ISOMETRIES AND ISOTYPIES IN
ALTERNATING GROUPS

PAUL FONG AND MORTON E. HARRIS

ABSTRACT. Perfect isometries and isotypies are constructed for alternating
groups between blocks with abelian defect groups and the Brauer correspon-
dents of these blocks. These perfect isometries and isotypies satisfy additional
compatibility conditions which imply that an extended Broué conjecture holds
for the principal block of an almost simple group with an abelian Sylow p-
subgroup and a generalized Fitting subgroup isomorphic to an alternating

group.

Let G be a finite group and let O be a complete discrete valuation ring with field
of quotients K of characteristic 0 and residue class field k of characteristic p > 0.
We suppose that K contains a primitive |G|-th root of unity. In [4, (6.1)] Michel
Broué posed the following

Isotypy Conjecture. Let e be a block of OG with abelian defect group D and let
f be the Brauer correspondent of e in ONg (D). Then e and f are isotypic blocks.

If G has an abelian Sylow p-subgroup, then the conjecture can be posed for
the principal block of OG. In this case the authors have shown that the conjecture
holds provided an extended conjecture holds for the principal block of almost simple
groups with an abelian Sylow p-subgroup (see [10, (5E)]). In this paper the isotypy
conjecture for an arbitrary block with abelian defect group is proved for alternating
groups. In addition, the extended conjecture is proved for the principal p-block
of almost simple groups with abelian Sylow p-subgroups and generalized Fitting
subgroup isomorphic to an alternating group.

We recall the basic definitions. Let ~: O —— k be the canonical quotient
mapping and let ~: OG — kG be the induced O-algebra homomorphism of the
group algebras. In particular, ~: e — € induces a bijection between central

idempotents of OG and kG. If e is a block idempotent of OG, let xg.Mod be the
category of left KGe-modules of finite type and let R (G, e) be the Grothendieck
group of xgeMod. Let GV be the set of irreducible characters of G over K. We
identify Rk (G, e) with the free abelian group on

(G,e)Y ={x € G :x(ge) = x(g) for all g € G}.

Let CF(G, K) be the K-space of K-valued class functions on G, and let CF(G, e, K)
be the K-subspace of class functions « in CF(G, K) such that a(ge) = a(g). The
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K-subspaces of CF(G, K) and CF(G, e, K) of class functions vanishing on the p-
singular conjugacy classes of G will be denoted by CF,/ (G, K) and CF, (G, e, K).

Similar notation will be used for a second finite group H and a block idempotent
f of OH. We denote R (G x H,e ® f) also as Rx((G,e),(H, f)). Each p in
Rk ((G,e),(H, f)) determines adjoint linear maps

R,: CF(G,e,K) — CF(H, f,K), 1,: CF(H,f,K)— CF(G,e, K),
where
1 _ _ 1 _
Ru(a)(h) = il > (g, h Halg™), Tu(B)(g) = ] > ulg, b))
9€G heH
for a € CF(G, e, K) and 8 € CF(H, f, K). Moreover, R,,: Rk (G,e) — Rk (H, f)
and I,: Rx(H, f) — Rk (G,e).
Definition. A virtual character y of G x H is perfect if the following separation
and integrality conditions hold for all g € G, h € H:
1. u(g,h) = 0 if {g, h} consists of a p-regular element and a p-singular ele-
ment.
2. u(g, h) is divisible in O by |Ca(g)|, and by [Cr (h)],-
If 11 is perfect, then R, and I,, induce K-linear mappings
R‘N:P’ : CFp/(G, €, K) I CFp/ (H, f, K),
I,,: CFy(H, f,K) — CFp(G,e, K)
by restriction. We say p is an isometry if R, is an isometry of Rx(G,e) onto

Rk (H, f). An isometry p is thus a pair (J,,€,) consisting of a bijection and a sign
function

Jui (Gye)Y — (H, f)Y, €u: (Gye)Y — {£1}
such that R, (x) = €, (x) Ju(x) for all x € (G,e)". In particular,

ugh)= > ) (x(g) x J.0)(R™).

X€E(G,e)V

It will be convenient to set Gp = Cg(P) and G, = Cg(z) when P is a p-subgroup
of G and z is a p-clement of G. The Brauer morphism Br&: OG — kGp is the
O-linear mapping defined by

if g€ Gp,
BiG(g) =4 T
0 ifg¢Gp.

Brg preserves the Ng(P)-conjugation action. Let e and & be corresponding blocks
of OG and kG. An e-subpair is a pair (P, @), where P is a p-subgroup of G, @ is a
block of kGp, and (1,€) < (P, @) is containment in the sense of [1, Definition 3.3].
An e-subpair is a pair (P, u), where P is a p-subgroup of G, u is a block of OGp,
and (P, u) is an e-subpair. Containment of such pairs is defined in the obvious way:
(Q,v) < (Pu) if (Q,v) < (P,u). Let Sp(G,e) denote the set of e-subpairs of G.
An é-element is a pair (x, %), where z is a p-element of G, 4 is a block of kG, and
({x), @) is an é-subpair. An e-element is a pair (z,u), where z is a p-element of G,
u is a block of OG,, and (z,a) is an é-element. The decomposition mapping

dG™: CF(G,K) — CFy (G, K)
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is defined by d(Gz’")(a)(y) = azyu) for « € CF(G,K), y € Gy . If (z,u) is an
e-element, then a(zyu) = a(zyeu) by Brauer’s Second Main Theorem (see [2, §A2,
Théoreme A2.1]).

The objects and morphisms of the Brauer category Br.(G) are the e-subpairs
(P, u) of G and the mappings (P, u) — (Q,v) in Hom(P, Q) induced by conjugation
by elements g of G such that (P,u)? < (Q,v). Let (D,ep) be a maximal e-subpair
of G. Each subgroup P of D determines a unique block ep of OGp such that
(P,ep) < (D,ep). If P = (z), we also write e, for ep. Let Br. p(G) be the full
subcategory of Br.(G) whose objects are such subpairs (P,ep). Since any two
maximal e-subpairs are conjugate under G, Br. p(G) is independent of the choice
of (D,ep) up to a categorical isomorphism. Moreover, the inclusion functor of
Br. p(G) into Br.(G) is a categorical equivalence, since each e-subpair of G is
conjugate in G to an e-subpair (P, ep) contained in (D, ep). Similar notation will
be used for a block idempotent f of OH with defect group D.

Definition. ([4, Definition 4.3]) Let e and f be block idempotents of OG and OH
with a common defect group D. Let (D,ep) and (D, fp) be a maximal e-subpair
and a maximal f-subpair of G and H. Then e and f are isotypic if the following
conditions hold:

(I1) The inclusion of D in G and H induces an equivalence of the categories
BI‘G)D(G) and BI‘f)D(H).

(I2) There exists a perfect isometry up in Rg((Gp,ep), (Hp, fp)) for each
cyclic subgroup P of D such that the diagram

R“(U

CF(G,e, K) CF(H, f,K)
(01) J/dgvep) J/dgvfp)
R“P,p/
CFP/(GP,BP,K) E—— CFP/(Hp,fp,K)

is commutative for every generator x of P.

We note that the horizontal arrows in the diagram depend only on P, whereas the
vertical arrows depend on the generator x of P. The set of perfect isometries {up}
is called the local system of the isotypy.

Remark. The actual statement of the Isotypy Conjecture in [4, (6.1)] asserts the
following: Let e be a block of OG with abelian defect group D, let (D, ep) be a
maximal e-subpair of G, and let T'= Ng (D, ep). Then e and ep are isotypic blocks
of OG and OT'. This statement is equivalent to the one given in the introduction
of this paper since f and ep are isotypic blocks of OH and OT by the following
general fact: Suppose C is a normal subgroup of a finite group H, b is a block of
OC, and T = Ng(b). Let u and v be blocks of OH and OT covering b such that
u = Tr¥ (v). Then u and v are isotypic blocks of OH and OT. Indeed, u and v
have a common defect group D. If (P, ¢) is a v-subpair of T, then (P, Tr%f (0))
is a u-subpair of H. The mapping Sp(T,v) — Sp(H,u) defined by (P,¢) —
(P, Tr%f (¢)) implies condition (I1) by [13, Theorem 1] and [4, 4.2, Remark 2].
Let (D,up) and (D,vp) be a maximal u-subpair of H and a maximal v-subpair
of T such that up = TrgDD (vp). For each cyclic subgroup P of D, the categorical
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equivalences

Hp
IndTP
orpeprMod  —2%  ou,u.Mod,

H
vp RCST;’D

oHpup Mod oTpvrMod

induce perfect isometries pp in R ((Hp,up),(I'p,vp)) satisfying (I12).

The isotypies for the alternating group A, will be constructed from isotypies
for the symmetric group S,. In §1 we consider a configuration (G,G*, H, HT) of
finite groups, where G is normal in G, H* is normal in H, G/G* ~ H/H™; a
configuration (e, e™, f, f*) of blocks of OG, OG*T, OH, OH™*, where e covers e*
and f covers fT; and an isotypy between e and f with local system {up}. An
isotypy between e and fT can be constructed under suitable conditions on {up}.
In the given context the relevant condition is that of 4equivariance considered
in §2. This construction will then be applied to configurations where G = S,
Gt = A,, et is a block of OG™T with abelian defect group DY, H = Ng(DV),
HT = Ng+(D7T), and f* is the Brauer correspondent of e*. If p is odd, then
e and f have DT as defect group. In this case Rouquier ([14, Théoréme 2.13))
has shown that e and f are isotypic blocks. However, the isotypies in [Ro] are
not explicit enough to check the condition of +equivariance. We therefore give
in §3 an explicit +-equivariant isotypy between e and f. §4 contains the relevant
character theory of H*. The main result there is an analog of Frobenius’s theorem
on irreducible characters of G which do not extend to characters of G. §5 contains
the construction of the isotypy between e™ and f+ when p > 2, and §6 contains
the proof that this isotypy satisfies the extended conjecture of [10, (5E)] when e*
and fT are the principal blocks. §7 treats the case p = 2.

1. SOME CONFIGURATIONS OF ISOTYPIES

An isotypy between blocks e and f of OG and OH with a common defect group
D requires a perfect isometry pp for each cyclic subgroup P of D such that (0.1)
is commutative for every generator x of P. In practice somewhat less is required.
The following reduction steps will be used in our proofs.

Step 1. Suppose e and f are blocks of principal type, that is, Brg(e) and Bri (f)
are blocks of OGp and OHp for each subgroup P of D. Then the decomposition
mappings d(g’e’) and dg’f =) in (0.1) are simply dZ and df; by Brauer’s Second Main
Theorem.

Step 2. 11y need only be an isometry, since p 1y is perfect provided the other
conditions hold [4, Remark following 4.6].

Step 3. If (I1) holds, the commutativity of (0.1) need only be checked for (P, ep)
with P in a set P of representatives for the Ng(D,ep)-conjugacy classes of non-
trivial cyclic subgroups of D and for all generators x of such P. This follows
by transport of structure. For suppose (0.1) commutes for all generators x of
such a P. Fix g € Ng(D,ep) and let Q = P9, so that eg = (ep)?. Choose
h € Ng(D, fp) so that h and g induce the same automorphism of D. Then Q = P"
and fo = (fp)". Define the perfect isometry pg in Rx((Gg,eq), (Hg, fg)) by
po(y, 2) = up(gyg—t, hah™1) for y € G, 2 € Hg. Then (0.1) with P replaced by
@ and x replaced by any generator of ) is commutative.
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For the rest of this section o is a fixed linear character of G. Multiplication
by o gives an action x — oy on GV; an action e — oe on central idempotents
of OG, where oe = deGp/ (g egg if e = deGp/ cgg; and an action € — ce
on central idempotents of kG, where oe = EQEGP/ o(g 1 )egg if € = deGp/ Cq9-
In particular, e = @e. If e is a block idempotent of OG, then x € (G,e)V if
and only if ox € (G,ce)V. Moreover, ¢ and ce have the same defect groups, and
oe = e if ¢ has p-power order. Let e be a fixed block of OG. If P is a p-subgroup
of G, set op = Resgp (o) for simplicity of notation. In particular, Br&(ce) =
op Br&(e). If (P, u) is an e-subpair of G, then (P,opu) is a ge-subpair of G. More
generally, let (P,u) and (Q,v) be subpairs of G. Then (P,u) < (Q,v) if and only
if (P,opu) < (Q,0qv). Indeed, we need only show this for normal containment,
since containment of subpairs is by definition a chain of normal containments. Let
(P,u) < (Q,v). Then P <@, u is stable under @, and BrgPQ(u)U =wv. So opu is
stable under @ and BrgPQ(ReSgPQ(U)u)-JQU = ogu. Thus (P,opu)<(Q,oqv). A
similar argument using o~! shows that if (P,opu) < (Q,0qv), then (P, u) < (Q,v).

Lemma (1A). Br. p(G) and Bry. p(G) are isomorphic categories under the in-
clusion of a common defect group D of e and oe in G.

Proof. We fix a maximal e-subpair (D,ep) of G and the corresponding maximal
ce-subpair (D,opep) of G. If P < D and (P,ep) < (D,ep), then (P,opep) <
(D,opep) and opep = (oe)p. To complete the argument, we show that

Hom((P, ep), (@, eq)) = Hom((P,opep), (Q,0qeq))

as subsets of Hom(P, Q). If (Pep)? = (P, (ep)?) < (Q,eq) for g € G, then
(P,opep)d = (P9,0pseps) < (Q,0qeq) and g € Hom((P,opep), (Q,00eq)). A
similar argument using the linear character o' gives the reverse inclusion. O

Proposition (1B). Suppose o is trivial on a defect group D of e and oe. Then
e and oe are isotypic blocks with local system {up}, where up = (Jp,ep) for each
cyclic subgroup P of D is the isometry in Rk ((Gp,ep),(Gp,opep)) such that
JP(C) =op( and 6p(<) =1 for (e (Gp,ep)v.

Proof. Condition (I1) for an isotypy holds by (1A). The isometry pp is perfect
since

pe(e,y) = Y C(@oply W )=o) D, (@)CET)

Ce(Gp,ep)V ¢e(Gp,ep)V

and the identity isometry of (Gp,ep)" is perfect. The diagram

R‘H
CF(G,e,K) —“  CF(G,0eK)
ldg,ep) er(g,apep)

R /
CFP/(GP,BP,K) & CFP/(GP,CTPEP,K)
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is commutative for each cyclic subgroup P of D and for every generator x of P.
Indeed, let x € (G,e)¥ and 2’ € Gpy. Then

dg""" ) Ry, (0) (') = d5 ™ (0X) (o)
= (ox)(zz'opep),
(op - d ™ () ()

o(z')x(zx'ep).

Ryup o (457 (X)) ()

Now
xx'opep = | Z Z (Mg~ ")¢(g™ )z’ .
9€Gp Ce(Gp.ep)Y
Thus

(ox)(xz'opep) IGpl Yo > WelgTHelg o (el g)x(za'g)

9€Gp (e(Gp,ep)V

|Gp| o> o(@)(1)¢(g)x(xa'y)

9€Gp Ce(Gp,ep)V

S o))l x(ar'e) since o(z) = 1
9€Gp (e(Gp,ep)Y

=o(z')x(xz'ep)

and (1B) holds. O

|GP|

For the rest of this section we suppose that (o) acts regularly on the orbit of e,
i.e., o'e = e if and only if 0° = 1. Set G = kero and t = |G/GT|. Then G+
contains the defect group D of e, since ¢ is relatively prime to p. If x € (G, e)Y, then
o'x € (G,o%e)" and the t characters o' are distinct. Thus Res& () is irreducible
and the o’e cover a single block et of OG*. In other words, e* = I_, o’ and
et is G-stable. Thus the restriction Resg+ induces a perfect isometry p = (J,,¢€,)
in Rk ((G,e), (GF,et)), where J,(x) = Res& (x) and €,(x) = 1 for x € (G,e)".

A subpair (P,u) of G covers a subpair (P,u™) of GT if u covers u™. Suppose
(P,u) is an e-subpair. Then Br&(e)u = u, so that Br&(o’e) - obu = obu. This
implies (op) acts regularly on the orbit of u. Moreover, G; = Gp NG is the
kernel of op, G = GTGp, and G/Gt ~ Gp/GS. In particular, Resgg induces a

perfect isometry pp = (Jpp,€,p) in R ((Gpyep), (G, ep)).
Lemma (1C). Suppose (o) acts reqularly on the orbit of e. Then the following
hold:

(i) Fach eT-subpair (P,u™) of Gt is covered by a unique e-subpair (P,u) of
G.
(ii) Each e-subpair (P,u) of G covers a unique e*-subpair (P,ut) of G*.

Proof. We have Br§ (et) = Br§(et) = S Br&(o'e) since et = 3! ole. If
(P,ut) is an e-subpair of G*, then 3, Bré(oe)ut = u* and Br(o’e)ut # 0 for
some 7. So there exists a block u of OGp such that obu covers ut and Bré(o'e) -

obu = obu. This implies Br&(o’e) - ohu = ohu for all j. In particular, (op)
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acts regularly on the orbit of u, ut = 32¢_, ReSG+ (0% )u, and (P,u) is the unique
e-subpair of G covering (P,u™). Conversely, suppose (P,u) is an e-subpair of G.
Then {op) acts regularly on the orbit of u, u covers a unique block u™ of OGJ}S, and
ut =3 obu. Since Brg+ (e7) =F_ Br¥(a'e), it follows that Brg+ (eT)ut =
uT. Thus (P,u™) is the unique e*-subpair of G covered by (P, u). O

Proposition (1D). Suppose (o) acts reqularly on the orbit of e and D is a de-
fect group of e. Then e and ev are isotypic blocks with local system {pp : P <
D, P cyclic}.

Proof. By (1C), u covers u™ if and only if there is a bijection v: Sp(GT,eT) —
Sp(G, e) such that v((P,u™)) = (P,u). To show condition (I1) for an isotypy it
suffices to show that v satisfies the following conditions (see [4, 4.2, Remark 2]):

(C1) « is injective and v((P,ut)") = y((P,ut))" for all h € G*.

(C2) Every element in Sp(G, e) is G-conjugate to y((P,u™)) for some element

(P,u™) in Sp(GT,et).

(C3) I y((Q,v™)) = v((P,u™))? for (P,u™) and (Q,v") in Sp(G*,e™) and g

in G, then there exist z € Gp and h € G such that g = zh.

(C4) v((P,u™)) <~((Q,v™)) if and only if (P,u™) < (Q,v™).

Conditions (C1), (C2), (C3) follow easily from (1C) and the factorization G =
GpG*. Suppose y((P,u™)) = (P,u), 7((Q,v")) = (Q,v), and (P,u™) < (Q,v7F).
We claim (P,u) < (Q,v). It suffices to show this for normal containment. If

+
(P,ut)<(Q,v"), then P<@Q, u™ is stable under Q, and BrgPQ(u+)v+ =o7T. Thus
u is stable under @ by (1C). Moreover, u covers u™ viewed as blocks of OGpQ
and OGEQ, and ut =Y, ResGPQ( o')u. Since BrgPQ(ReSgPQ(Ui)u) -oyu =0 for
i # j and since v = Z . JQU, it follows that

vt = = Brg PQ vt = Z BrGPQ ResgPQ(ai)u)oé;)v.

Thus BrgPQ(u)v =wv and (P,u) <(Q,v). The argument is reversible, and so (C4)
holds.
Let P be a cyclic subgroup of D. The diagram

CF(G,e,K) — CF(G', et K)

ldg’ep) ld(gf;)
R ’
CFy (Gp,ep, K) —2 CF,(GE,eb, K)

is commutative for all generators z of P. Indeed, let x € (G,e)" and 2’ € G;p/.
Then

z.eh
A (Resg () (@) = x(wa'e),
Resg? (dg " (0)(@') = x(wa'ep).
The commutativity now follows since x(za’ef) = 3, x(za’ohep) = x(za’ep). O

Corollary (1E). Suppose (c) acts regqularly on the orbit of e and D is a defect
group of e. Let H= Ng(D) and HT = Ng+(D), and let f and f+ be the Brauer
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correspondents of e and e in OH and OH™. Then e and f are isotypic blocks of
OG and OH if and only if e* and f* are isotypic blocks of OG™T and OH™.

Proof. We have Br§(o'e) = ob Bry(e) = obf for 1 < i < t. In particular,
Res H(U) acts regularly on the orbit of f, 0%, f is the Brauer correspondent of o'e,
and f+ ="' o4 f. Now e and e are isotypic blocks by (1D); f and f* are also
isotypic blocks by (1D). Thus (1E) holds. |

2. +EQUIVARIANCE

Let G be a finite group, let GT be a subgroup of index 2, and let sgn, be the
sign character of G with kernel GT. We write y — x* and e — e* for the action
of sgng on the irreducible characters and blocks of G. Let e and et be blocks of
OG and OG™. The configuration (G,GT,e,et) is a +configuration if et is the
unique block of OG™T covered by e and if e is the unique block of OG covering e*.
This is equivalent to the condition e = e™ or to the conditions e™ is stable under
G and e* =e. Let (H,HY, f, fT) be a second +configuration with corresponding
sign character sgny, and write ¢ — * and f +— f* for the action of sgn; on the
irreducible characters and blocks of H. An isometry u = (J,€) in R ((G,e), (H, f))
is +equivariant with respect to (G*, H) if

IO =I00"  e(x?) = e(x)
for all x € (G,e)".
Lemma (2A). Let (G,GV,e,e™) and (H,H™, f, fT) be +configurations, and let

w be a +equivariant isometry in Ri ((G,e), (H, f)).

(i) x € (G, e)V is reducible on G if and only if J(x) € (H, f)V is reducible
on HT
(i) g,h) = 0 if sgnc(g) # sgnsz(h):

i)
Proof. (i) holds since Res& (x) and Res . (J(x)) are reducible if and only if x* = x
and J(x)* = J(x ) In (ii) either g ¢ GT or h ¢ HT. Now u(g, h) is a sum of terms
e(x)x(9) J(x)(h~1). Tf Res&. (x) and Resf . (J(x)) are reducible, then one of x(g)
or J(x)(h™1) is zero and 6( Ix(9) J(x)(h~1) = 0. If Res& (x) and Resti (J(x))
are irreducible, then x # x*, J(x) # J(x)*, and

cOOX(@) IO (™) 4+ e(xX)x*(9) Ix ) ()
= e(\)x(9) I (A 1)(1 + sgng(g) sgn g (h))

is zero. Thus u(g, k) is a sum of zero subsums and u(g, h) = 0. |

(h™
(

Let u = (J,€) be a +equivariant isometry in Rg ((G,e),(H, f)). An isometry
pt = (It et) in Re((GT,et), (H, f1)) is p-induced if one and hence both of
the following diagrams are commutative:

Ric(Gre) —"= Rc(H,f)
(21) J/Rcngr chngr

RK(G+,6+) l, RK(H+,f+)
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RK(G+,6+) L RK(H+,f+)
(2.2) lmdg llndz+
Ric(G.e) —"— Rx(H.f)
All p-induced isometries ut = (JT, ) arise as follows: Let

(G+, e+)v — (G+7 €+);/ U (G+, e+)v

where the characters in (GT,e™)Y extend to G and the characters in (GT,e*)) do

not extend to G. If x* € (G, e)Y and xT = ResG+ (x) for x € (G, €)Y, let
IO = Resirs (J(), - () = ex).

JT(xT) and ¢t (xT) are well-defined since

Resjr+ (J(x*)) = Resjy+ (J(x)*) = Resgi+ (J(x))
and e(x*) = e(x). If x4+ and x_ are characters in (GT,e™) such that x4 + x— =
Res&. (x) for x € (G,e)Y, let Res™ . (J(x)) = J(x)+ + J(x)— and set

I (xe) =J(0)+, € (xx) =€)

JT(x+) depends on the labeling of the constituents x+ and J(x)+. In all cases x
covers x T if and only if J(x) covers J*(xT). Moreover, J*((x*)9) = JT(x*)" and
eF((xT)) =€et(xT)forge G—GT andhe H—H™.

Lemma (2B). Let (G,GT,e,e) and (H,H™, f, fT) be +configurations, let u be a
+equivariant isometry in R (G, e), (H, f)), and let p™ = (J*,e7) be a p-induced
isometry in R ((GT,et), (HY, f1)). Suppose p is odd and p is perfect. Then pu*+
is perfect if and only if the generalized character of GT x HT defined by

A(u*)(g.h) = Yo ) (i = x)9) O () = I (-
e x-FE(GT, ey
is perfect.

Proof. If (g,h) € Gt x H*, then

plg. )= Y () x(g) I
X€(G,e)V
= > 267N xTe) TN
X+ E(GTet)Y

+ > etxs) O +x2)(9) O () + I (x-)) (1)
{x+:x-}C(GT,et)y

=20 (g, h)— D e lxa) (i —x=)(9) U (xe) = T (x-)) ().
Db x- TG+ e )Y

Thus
(2.3) Resg X Iy () = 2% — A(u™),
and (2B) follows. |
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Remark (2C). If (x+—x-)(g) (J" (x+) =7 (x-))(h™") is perfect for all {x+,x—} C
(GT,e™)), then all y-induced isometries p* are perfect. We note A(u*)(g,h) # 0
only if g and h lie in conjugacy classes of G and H which split in Gt and H™.

Suppose G and G are finite groups, G7 and Gy are normal subgroups of Gy
and G of index 2, and sgng and sgng, are the corresponding sign characters. Let
G = Go x G1, and let sgng = sgng, X sgng, be the sign character of G with kernel

Gt = (Go x G1)* ={(g0,91) € Go x Gy : sgng, (90) = sgng, (91)}-

In addition, let GT+ = G¢ x G and let sgng+ be the sign character of G* with
respect to G, that is,

sgha = Resg+ (sgng, x1la,) = Resg+ (1g, x sgng, ).

A character x in GV with components x; € G} is reducible on G if and only if each
xi is reducible on G In particular, if y is reducible on G* and Resg+ (xX) = x++

X—, then Resgi+ (x+) and Resgl (x—) are also reducible and all three characters
X, X+, X— vanish off GTT,

Proposition (2D). Let (Go, Gy, eo,ed) and (G1,GT,e1,ef) be +configurations,
let e be the block eger of OG, and let et ™ be the block efel of OGT+. Then
there exists a unique block e™ of OG™ covered by e. Moreover, (G,GT,e,e™) and
(GT,GTT et et™) are +configurations.

Proof. Every block of G covered by e covers e™. The hypotheses imply that
sgng e = e and et is stable under G. Suppose first that xg xi is a character in
(G**,etT)Y stable under G. Each factor x; extends to two characters x; and x;
in (G4, e;)Y, and the four characters xox1, XgXT» Xox1, xoX; in (G,e)Y are distinct.
The restrictions of these four characters to GT are irreducible and so belong to a
unique block e™ of OG™. Thus e* is the unique block of OG™ covered by e, and
(G,GT,e,et) is a +configuration. The two distinct characters of Gt extending
Xo X1 are
+ _ G _ G * .k

X" = Resc+ (xox1) = Resd+ (Xxox7),

X~ = Resg+ (xoxi) = Resg (xgx1),
and Y~ = sgng+ xT. Thus (GT,GTT eT, e™™) is a +configuration and sgn, et =
e*. Suppose next that xgxi is a character in (G**,e*+)¥ not stable under G.

Then xg x; is not stable under G* and IndgL(Xar X7) is irreducible. The block

et of OG* containing IndgL (xdx7) is the unique block of OG* covering e+
and sgng+ e = eT. Thus (2D) also holds in this case. O

Let (Ho, H, fo, o) and (Hy, Hi, f1, f;7) be a second pair of +configurations,
and let H, HT, H*" sgny, sgng+, fT, fT1 have the analogous meanings for this
pair. In particular, (H, H*, f, f*) and (HT, HT*, f* fTT) are +configurations.
Proposition (2E). Let (Gi, G} ,ei,ef) and (H;, H, f;, fi7) be +configurations
and let p; = (J;,€;) be a +equivariant isometry in Ry ((Gi,e:), (Hy, fi)) fori =0,
1. Then the following hold:

(1) = po X w1 is a +equivariant isometry in Rx ((G,e), (H, f)) with respect
to (GT,H™T).
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(i) All p-induced isometries p* in R ((GT,e™), (HT, 1)) are +equivariant
with respect to (GT+, HTT).

Proof. Let u = (J,€), where J = Jgx J; and € = ¢y X €1. Let x € (G, e)V, where
X = xox1 and x; € (Gy,e;)Y. Then

e(x") = eo(xp)e1(x7) = eo(x0)e1(x1) = €(x),
J(x*) = Jo(x) J1(x3) = Jo(xo)" J1(x1)* = I(x)",

and (i) holds. We set (x*)# = sgng+ xT and (¥7)# = sgny. ¢+ for x* in
(GT)Y and for ¢ in (HT)V. Let u* = (JT,e*) be a p-induced isometry in
R (Gt et),(HT, f1)). Let x* € (GT,e™)Y and choose x in (G,e)Y covering
xT. Let x = xo0x1, where x; € (G, ¢e;)V. Then J(x) = Jo(x0) J1(x1) is a character
in (H, f)V covering J*(x*). If Resgl (x*) is reducible, then (x*)# = x* and
Resgi (x:i) is reducible for some i. So Resgi+ (Ji(x:)) is reducible for the same i
and Res’., (J*(y)) is reducible. Thus e+((x*)#) = e+(x+) and J*((xH)#) =
JT(xt)*. If Resgi+(x+) is irreducible, then x™ = Res& (x) and

xT = Res&. (xox1) = Res&s (xox3),
(xT)# = Res& (xox}) = Resg+ (xjx1)-

Since po and p1 are +equivariant, et ((xT)#) = e*(x1) and

IH((xH)#) = Resi+ (Jo(xo) J1(x1))
= Resp+ (Jo(xo) J1(x1)")

= (Resg+ (Jo(x0) J1(x1))*

— J+ (X+)#
This completes the proof of (ii). |

We continue with the situation of (2E). Suppose u;” = (J;, ¢ is a p;-induced

isometry in Rk (G5, el), (H;", f;7)) fori = 0,1, and p*7 is the isometry ug x uf in
R ((GHF,ett), (HT, f1)). We may choose a p-induced isometry u+ = (J, e*)
such that g+ is yu*-induced. Indeed, fix notation so that J (x; +) = 1; + whenever
Ji(xi) = i, Resg;(xl-) = Xi+ + Xi,—, and Resgf+ (i) = i+ + i,—. Suppose
J(x) = 1, where ResS+ (x) = x4 + x— and Resiy (¢) = ¢4 +9_ are reducible.
Then x = xox1 and ¢ = ot)1, where RGSG+ (Xi) = Xi,+ + Xi,— and ReSH+ (i) =
i+ + 1;,— are reducible for i = 0, 1. We label x+ and ¥4 so that

ReSG++ (X+) = X0,4+X1,+ + X0,—X1,—»
(2.4) ResS+ (=) = Xo.+X1,— + X0,- X145
ReSH+ (Y1) = o401+ + Yo,~11,—,
ReSHH(i/J ) = o, +01,— + Yo~ 4,
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and choose J* so that J¥(y4) = ¢+ for all such x and 1. Then

R
RK(G+,6+) L, RK(H+,f+)
J]Res§i+ lResZi+
R, ++
R (G, ett) Ry (HTF, f++)

is a commutative diagram. Thus u™ is p-induced and p*+ is p*-induced.

Proposition (2F). Suppose the hypotheses of (2E) hold and u;" s a pi-induced
isometry in R (G}, ef), (H;", fi7)) fori=0, 1.
(i) There exists a p-induced isometry pu™ in R ((GT,eT), (HT, fT)) such
that pt+ = pud x pi is pt-induced.
(ii) If p is odd, uj is perfect for i = 0, 1, and p* is as in (i), then u* is
perfect.

Proof. (i) follows from the preceding paragraph. For (ii) it suffices by (2B) to prove
that

A(p")(g,h) = > )+ = x )9 (W —¢-)(h™)

{x+:x-3C(GTet)y

is perfect on its support Gt+ x HTT. We may suppose u* satisfies (2.4). Let
9o € Ge, g1 € G, ho € Hf, hy € H{". Then

A(u*) (9091, hoha) :[ > e (o) (xo.+ = x0.-)(g0) (o4 — ¢07—)(h51)}
{

X0,+:X0,— }
C(Go,eo0),,

13 daa)bas =)o) @ — )0 )]
Da+xa, -}
C(G1yer),
The bracketed sums are perfect generalized characters of G§ x H and G} x H;
since yg and pj are perfect. Thus A(u™T) is perfect. O

3. THE ISOTYPY CONJECTURE IN SYMMETRIC GROUPS

Let G be the symmetric group S(IT) on a set IT of cardinality n. By the Nakayama
conjecture a p-block e of OG is parametrized by a p-core \g, and irreducible char-
acters x in (G,e)Y are parametrized by partitions A of n with p-core Ag. In
particular, n = ng + pw, where ng = |X\g| and w > 0 is the so-called weight of
e. We suppose that e has an abelian defect group D, or equivalently, that w < p.
Thus IT = IIy U II; is the disjoint union of sets Il and II; of cardinality ny and
pw. We may suppose II; = T' x Q, where I' = {1,2,... ,p} and Q is a set of w
elements. Let X = S(T') and Y = Nx(P), where P is a fixed Sylow p-subgroup
of X. In particular, Y is a Frobenius group with kernel P of order p and a cyclic
complement of order p — 1.

We take D as the Sylow p-subgroup P of S(II;) and set H = Ng (D), so that
H = Hy x Hy with Hy = SIlp) and H; = Y 1 5(Q). We view Y 1 S(Q2) as the
product set Y x S(Q), where Y* is the set of functions from Q to Y, S(f) acts
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on Y on the left by (°f)(i) = f(o71(i)) or (°f); = f,—1(:), and multiplication in
Y 15(9) is defined by

(f,0)(g,7) = (f(°g),07).
The Brauer correspondent f of e in OH has the form f = fy x f1, where fj is
the block of defect 0 of OHy parametrized by A\g and f; is the principal block of
OH;. We note that f; is the unique block of OH;, since Hy/D is a p’-group and
Cy, (D) =D.

Let A be a partition of n with p-core A9 and p-quotient A = (A1, Az,...,Ap).
Then Ag can be gotten by removing a sequence (v1,va, ... , V) of p-hooks v; from
A. The sign v(\) = (=1)21 ) where £(v;) is the leg length of v;, is independent
of the choice of (11,1, ... ,1y). The residue of the (4, j)-node in the Young diagram
of A is the integer r such that 0 < r < p and r = j — i(mod p). A hook of A has
p-singular length if and only if the hand and foot node residues of the hook are
respectively k, k + 1 for some k& modulo p. We normalize A so that A; corresponds
to hooks of A of p-singular length and hand node residue ¢ — 1. Let A* be the
dual partition of A, let Aj be the p-core of A*, and let A* = (A}, A}, ... ,)\;) be the
p-quotient of \*. Then A is the dual (A\g)* of A9 and A\Z = (Ap41-4)* for 1 < <p.
In particular, A = A* if and only if Ay = A\§ and Ay = (Apy1—)* for 1 <~ < p.
Indeed, the (i,7)-hook of A and the (j,7)-hook of A* have the same length. So if
this length is p-singular, then the hand node residues of these hooks are of the form
k and —k — 1 modulo p.

Let YV = {&, : 1 <~ < p}. The characters in (H, f)" have the form yx», X ¥,
where (Ho, f0)¥ = {Xx}, ¥a € H1", and A is a mapping

Y'Y — {partitions}, &, — A,
such that »°_[A,| = w. We also represent A by the p-tuple (A1, A2, ..., A,). We
recall the definition of ¢n. Let Q = [5_, Q2 be a partition where [Q4| = |A,[, and
let {5 € (Y)Y be such that (£a); = & for i € Q). The stabilizer Hy 5 of &4 in Hy
is Y2.S(Q4), where
S(Q%) = S(Q}) x 5(Q5) x -+ x S(Q),
and {5 extends to a character E(§y) of Hy a. Let wa = wy, X wx, X -+ X wy, be the

irreducible character of S(Q*), where wy_ is the character of S (Qﬁ) parametrized
by A,. We may view wy as a character of H; o by inflation. Then

Py = IndgiA(E(gA)wA).

We give a formula for E(£y)(f,0) for f € Y and o € S(QY). Write 0 =
o109 -+ -4 as a product of disjoint cycles in S(Q2) and write

(f,0) = (f1,01)(f2,02) - (fa, o),
where f5 € Y% and Qf is the support of 05. Let ns = |Qg], let is € Qf, and let
piy (f,0) = f(is) f(o™ (is)) -+~ flo™ "D (is)).
In particular, (fs,08)™ = (pi;(f,0),1). Moreover
pis ("(f.0)) = hi;pis (f,0)hy,"

(3.1)
Pytis) U (f,0)) = pis (f,0)
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for h € Y and g € S(Q). Since (f,0) € Hia, o stabilizes each Q2. Let A, be

index sets such that QA [I €9 is the orbit decomposition of o on ny\ Then
LISYAN

(3.2) B (f0) =[] TI & Wi (f:0)

v 6€EA,

(see [12, §4.3]). We call E(£,) the James-Kerber extension of £, .

We give a Murnaghan-Nakayama type formula for ¢ (f,c) for the preceding
element (f, o). We fix s with 1 < s < d and consider pairs (¢, ) of sequences ¢ =
(C1,G25- -+, ¢s) and v = (71,72, - - - ,7s) with the following properties: (; is a hook of
length |o1| of the v1-component of A; (s is a hook of length |02 | of the ~o-component
of (¢1,71) * A, the p-tuple gotten from A by removing ¢; from the ~;-component of
A; (3 is a hook of length |o3| of the y3-component of ((2,72) * (C1,v1)* A, the p-tuple
gotten from ((1,7y1) * A by removing (5 from the y2-component of ((1,71) * A; and
so on. Set

(C7) * A= (Coyvs) * -+ % (C2,72) * (C,71) * A
and v(¢) = (—1)%1 4x).
Proposition (3A). With the above notation

(33) Ualfo) =Y v(¢ wak Pir (F,0) ¢y (F ),

&)

where (f',0") = (fsx1,0511) - (fa,0a) and (¢,y) runs over all pairs of the above
type.

Proof. We consider first the case s = 1. By definition
Ua(f,0) = Indjg! | (B(€)wa)(f, o)
= > (EBE)wa)(f,0),

gES(QM\S(Q)

since Hy = Y2S(Q) and Hy o = Y2S(QY). We identify S(Q') for Q' C Q with the
subgroup of S(Q) fixing Q — Q' elementwise. Let ' = Q — Qf and decompose

= |J s@")gs(@)

gel’

as a disjoint union of double cosets modulo (S(Q1), S(Q')). We say that a represen-
tative g in T is good and that the double coset S(Q")gS(€Y') is good if g(Q7) C Q;\
for some . This definition is independent of the choice of coset representative
g, since S(Q) fixes QF elementwise and S(Q2*) stabilizes each QQ Moreover, the
integer v such that g(Q2) C QQ depends only on the double coset. Let I be the
subset of good representatives g in I. If g and ¢’ are in IV and ¢(927) and ¢'(Q9)
are contained in the same QA then g = ¢’. Indeed, there exists z € S(Q*) such
that x(g(i)) = ¢'(i) for all i € Qf, so g~la7lg’ € S(Q') and g’ € S(QY)gS(Y).
Thus there is a bijection between good double cosets and components A, of A such
that |[A,| > |o1].

Given g in T, let S(QM)gS(QY) = UteTg S(QM)gt, where T, is a set of represen-
tatives t for the cosets (g71S(Q%)g N S(Q)\S(Q). If g € IV and g(Q]) C QA

Y1?
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then
g1S(QM)g N S(Q) = S(g~(21) N S()
(3.4) =S(g Q) - 99) x [ SH@d).
'77571

For g € I” we say t in T, and the coset S(QM)gt are good if 94 f, o) € Hy . Thust
is good if and only if for each § = 2,3,... ,d, there is a y such that gt(Qf) C ny‘
This definition is independent of the choice of representative ¢. Let Tg' be the subset
of good representatives ¢ in Tj,. It follows that

(3.5) =3 Y ®E)wn) (" (f.0)

g€T" teT,

since E(€x) and wa are zero by convention on arguments not in Hy a. To prove
(3.3) for the case s = 1, it suffices to show that

(36) Z (E(gl\)wl\) (gt(fv U)) = Z U(Cl )5% (pil (f? U))w(Ch’Yl)*A(f/v 0J)?

teTy ¢1

where ¢; runs over all hooks of length |o] in A,.
Given g € I such that g(Q7) C Q) and given ¢ in T}, let Ay, be the index
sets such that

o= (J gt

[ISTAp T
Let
’ _ {Agt,v if Y 7& 1,
" Agry — {1} ify=m.
Then
(é./\ gt fv H H g’y pqt(zg (fa )))
Y 6€A g,y
_571(pgt i (¢ “(f1,01)) {H H gv Pyt(is) ( *(f o )))}
v SEA],
_6’)'1 Diy flaal |:H H f’y pgt zg,) (flval))):|-
v SEAY,

The usual Murnaghan-Nakayama formula (see [12, 21.1]) gives

=1l 11 o)

5EAJt'y
=wxﬂ( II “o) [Twx( 1T “(os)
€At YEYL 6€A 1,y
:ZU(Cl)WQ*An H 9 (0s)) H wi, ( H 9(0s))
6€AY, 4 REant! 6€0gt,y

- Z Cl Cl;Vl)*A( /)7
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where ¢; runs over all hooks of length |o1| in A,,. Thus

D EENwA) O (f,0) =D v(C)én (pin (f1,01))
G

=
111§ ) QORI PR CED)

teTy v €Ay, ,

It suffices to show that if ¢; is a fixed hook in A,, of length |o], then
B a0V =2 IT TI & @aan (. 0D) |wicumea o).

teT, v €Ay, .,

Now (C1,71) * A corresponds to the p-tuple A" = (A}, \5,... , A},), where

W {/\v if 7 # 71,
! GxAy ify=m.

Let 15, be the irreducible character of Y 1 S(€) parametrized by A’. We use
notation analogous to that for ¢¥,. Namely, let Q' = Uv Q '[y\ , where

o {g‘l(ﬂé‘) if v # 71,
! Q) 97 iy =
So A/, is a partition of |Q’,[Y\/ . Let &4 € (Y)Y be sulch that (§ar); = &, for i € Q’;\,
Then the stabilizer of &4/ in Y S(Q') is Y S(Q™), where

SE@) = S@Y) x S ) x - x 5@,

In particular, T} is a set of coset representatives of S(€/ A,) in S() by (3.4). Let
WAr = Wap X Wy X X wxy be the irreducible character of S(Q’A/), where wy, is
the irreducible character of S(€’ /7\,) parametrized by X.. Let E({as) be the James-
Kerber extension of &y to Y S(Q). Then

¢(c1m)*A(f/a U/) = (f/7 /)
= 5, (B(en)on) (o)
= > (B )wa)((f0").

teTy

We can now show (3.7). Indeed, (f’ o) € S(Q’Al) if and only if for each § > 2,
there exists a 7 such that t(Qg) C Q , or equivalently, such that gt() C Q2.

Moreover, Q’ = H&eA/ £(93), since QF HéeAgm gt(Q7). Thus

E(én)(" =11 II &@uwnC(f' o))

v sEAL,

= H H 5’7 pgt(zs (f o )))

v sEAL,
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and

war (@) = [Teny ( T '(w))

SEA!

gty

=wn (IT 7o) T wn( IT “(0s))

SEAL, ., YEY 0€A L
=wn (%(0”))-

This completes the proof of (3.3) for the case s = 1. The general case of (3.3) now
follows by iteration. |

Remark. Formula (3.3) does not depend on the structure of Y. Equivalent formulas
can also be found in [14, Théoreme 2.8] and in [15, Theorem 4.3].

Definition. Let A(T") be the alternating group on I' and label &, in YV so that
& and &p11-~ have the same restriction to Y = Y NA(T) for 1 <y < p. In
particular, &, (1) = 1 for v # p* and &,(1) = p— 1 for v = p*, where p* = %(p +1).
The Rouquier isometry p = (J,€) in R ((G,e), (H, f)) is defined as follows: For
each partition A of n with p-core A\ and p-quotient A = (A1, A2,... , \p), let

J(xa) = xx X ¥a, €(xa) =1 if p =2,

(38) J00) = X 45 eln) = o)D)l iEp> 2,

where A is the p-tuple gotten from A by replacing Ay« by (Ap=)*.

We define a Rouquier isometry in a more general context. An element = = (f,1)
of D is called standard if the non-identity values of f are all equal. For a standard
element z let Q = Q, ¢ U 1, where = acts trivially on I' x Q, ¢ and fixed-point-
freely on I' x ;1. Thus

Gw = Gw70 X Gw71a Hw = Hw70 X Hm,la

where Gw70 = S(Ho U (P X Qm)o)), Hw70 = S(HQ) X (YZS(Qw70)), and Gw71 = Hw71 =
PZS(Qw)l) Let Hw)o = Hw)oo XHw)Ql, where Hw700 = S(Ho) and Hac,Ol = YZS(QQC)Q)
Let

€r = €z,0 X €x,1, Jz = fz,00 X feo1 X fz1,

where e; o is the block of OG ¢ parametrized by Ao, ez,1 is the 1-block of OG, 1,
fz,00 is the block of OH oo parametrized by Ao, fz,01 is the 1-block of OH o1, and
fz,11s the 1-block of OH, ;. In particular, e, 1, fz,01, and f; 1 are the unique blocks
of OGy1, OHg 01, and OH, 1. Let f; o be the block fz 00 X fz,00 of OHy . Then
ez,0 and f; o have defect group P=0 and fz,0 is the Brauer correspondent of e o.
Let piz0 = (Jz,0,€x,0) be the Rouquier isometry in Ry ((Gy.0,€x,0), (Hz,0, f2,0))-
Let pg1 = (Jz,1,€s,1) be the identity isometry in Ry ((Gz1,1),(Hg1,1)). Let
te = (Jz, €2) be the isometry pz 0¥ iz 1 in R ((Ga,ex), (He, fz)). If pa 0 is perfect,
then p, is perfect We call u, the Rouquier isometry in R ((G,ex), (Hz, fz)). We
note that p, depends only on (x) and not on the generator z.

Foreach j =0,1,2,... ,wlet 2; be a standard element of D such that |[Q,, 1| = j.
The w+1 subgroups (x;) then form a set of representatives for the Ng (D, ep)-orbits
of cyclic subgroups of D, since Ng(D,ep) 2 (Y 15(Q)).

Theorem (3B). e and [ are isotypic blocks of OG and OH with local system given
by the translates of the Rouquier isometries p, for x in {xo,z1,... , Ty}
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Proof. Condition (I1) holds by [1, Proposition 4.2] since D is abelian. The blocks
e and f are of principal type by a theorem of Marichal and Puig (see [3, (2.2)]).
Let z € {x1,29,... ,2}. We prove the Rouquier isometries u, are perfect by
induction on |D|. The claim is clear if |D| = 1, so we may suppose D > 1. By
induction p, o and hence p,, are perfect isometries. We claim the following diagram
is commutative:

Ri(Gre) —%— Ry(H,f)
(3.9) |2 |
CFp/ (Gm, 61) M’ CFp’ (Hwa fm)

Suppose p = 2. Then w =1, G, = H, = S(Ilp) x (), and ) is a partition with 2-
core Ag and 2-quotient (1,0) or (0,1). The ordinary Murnaghan-Nakayama formula
implies the commutativity of (3.9). Suppose p > 2. We consider the top-right
portion of (3.9). Let xx € (G,e)Y, let y € H, ,, and write y = yooyo1y1, where

Yoo € Hz 00, Yo1 € Hyo1, and y1 € Hy 1. Let zyy = (f1,01)(f2,02) - (fs,0),
where the o; are disjoint cycles of S(£2;,1). Then

dir (R () () = e(xa) (Xno X ¥3)(2y)
= €e(x2) X0 (Y00)¥3 (o1 (xy1))

= ()X Woo) D v(Q) [T & (pin (frs 00 ¢ )05 (1)

(€2 k=1
by (3A). For each pair (¢,v) in the formula, let M(y) = {k : 7% = p*}. Then
(310)  di(Ru())(w) = i) xawoo) D v QDM Dy 2 (yo)
(S))

since p;, (fi, o) € P#, so that &, (pi, (fx, o)) = 1 or —1 according as v # p* or
Ve =P

We consider the left-bottom portion of (3.9). Let g € G,y and write g = gogi,
where go € G0, 91 € Gy,1,r- Bach p’-conjugacy class of G 1 contains a unique
conjugacy class of S(€;.1), since S(,1) is a Hall p-complement in G,;. We may
suppose without loss of generality that g = (1,0) for some o in S(€;,1). Let
o = 0102---05 be the cycle decomposition of ¢ in S(Q;1). The Murnaghan-

Nakayama formula implies that

& (xx)(9) = xa(zg)
= Xx(90(zg1))
- v Z)XZ*A(QO)a
where v runs over sequences (vq,vs,... ,vs) of hooks vy of length plog| of A. Let

T run over representatives of the p’-conjugacy classes of S(€2;1), let n, be the
characteristic function of the G 1-conjugacy class of 7, and set

Q) = ZU(Z)(Xz*A X N7 ).

v,
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Then
>, v(@)xuaa(go) if g1 € Go1prs
if g1 € Gapr-
for go € G0 and g1 € G, 1. Thus d§(xa) = dg, () and
Ry, (A& (X2)) = Ryu, v (déx (an))
= dllﬁlz Ry (o)),
where the second equality holds since u, is perfect by induction. Now

Ry, (ax) = ZU(Z) (Ruz,o (Xz*A) X Rux,1(777'))

v,

= ZU(Z)CI,O(XZM)(XAO X 1/)(&1)*7\ X 777-)7

v,

ax(gog1) =

where ((,7) is obtained from v as follows: First v determines a pair (é ,7) of

sequences (51,52, . ,53) and (v1,72,...,7s), where C is a hook of length |ok| of
the vi-component of A. So v determines a pair (¢,7) of sequences ((1,C2, ... ,Cs)

and (1,792, .- ,7s), where (i is a hook of length |oy| of the y-component of A,
and (; = (x or ((x)* according as vy # p* or vy, = p*. Thus

Ry, (d&(xn)) = Zv(ﬂ)ew,O(Xz*k) d}{z (X2 X w(g,l)*f\ X 7).
If y € Hyp and y = yooYo1y1, where yoo € Hy 00, Yo1 € Hyo1, and y1 € Hy 1, then
(3.11) Ry (G 00)) (1) = D 0(2)€w,0(xwen) Xro (400) ¥ .05 (Wo1)-

v

The commutativity of the diagram (3.9) holds by (3.10) and (3.11) if
(3.12) O QOD)MD! = v(v)es0(xpn)

e(xa) = v(A) (=),
€2,0(Xpen) = vy # X)(=D)IE Ve,
So (3.12) becomes
oD Q) (~1) T = (o N (1N

=Xl — > |Cl, (3.12) is equivalent to
keM(y)

Since |(v * A)p

vl A) = v()u(Q)(~1) M ()M (1) e
(3.13) =owp(© [ i,
- keM(y)

But v(A)v(z * A) = v({)v(v) by [8, (2.15)] or [9, Théoreme 1.4, b)]. Since
U(QU(Q = H (—1)(Ikl=1),

keM(y)
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(3.13) holds and (3.9) is commutative. This argument for the commutativity of
(3.9) still applies if « is replaced by any generator of (z), since the lower horizontal
arrow in (3.9) depends only on (z). (3B) now follows by transport of structure, as
remarked in §1. O

4. AN ANALOG OF FROBENIUS’S THEOREM

Let G and G be the symmetric group S(IT) and the alternating group A(II)
on II. An irreducible character x» of G is reducible on G+ if and only if X is self-
dual. For such X let n(\) be the partition of n with parts 111 (), n22(A), ..., 7ss(N),
where 7;; () is the hook length of the (¢,7)-node of A and s is the number of diagonal
nodes of \. Since the 7;;()) are distinct odd integers, the conjugacy class C, ) of
G parametrized by n(\) lies in GT and splits in G*. The mapping A — n())
thus induces a bijection xx + C,() from irreducible characters xx of G' which
split on Gt to conjugacy classes Cy,yy of G which lie in G* and split in G7.
Let Resg+ (xx) = xa+ +x0,— and Cyny = Cy(ny,4+ U Cy(n),— be the corresponding
decompositions. We use the convention that \/a = \/—ai for negative real a, where
i is a fixed primitive 4-th root of unity in K. In addition, we write \/£n(A) for
VENT(A)n22(A) -+ mss(A). The following is Frobenius’s Theorem [11, §3].

Theorem (4A). Suppose x» is an irreducible character of G which splits on G™T.
Let g € Gt. Then (xa+ — Xxa,~)(g) # 0 if and only if g is in Cyy(xy. Moreover, xx +
and Cyyx),+ may be labeled so that

1

xXa+(9) = 5(@ +vexn(N) ifg€Chnt
1 .
Xax(9) = §(€A —venN) if g €Chnxs

where €y = (—1)z(n=s)

We suppose for the rest of this section that II =T x Q, where I' = {1,2,... ,p}
and |Q = w < p. Let X and X be the symmetric group S(I") and the alternating
group A(T') on I'; let Y = Nx(P) and Y+ = Nx+(P), where P is a fixed Sylow
p-subgroup of X; and let H = Ng(D) and HT = Ng+(D), where D is the abelian
Sylow p-subgroup P of G. We denote the sign characters of G, H, X, Y, S(Q)
with respect to G*, H*, X, Y, A(Q) by sgng, sgny, sgny, sgny, sgngq). In
particular, sgny = Res$ (sgng) and sgny = Resy (sgny ). If (f,0) is an element of
H =Y 18(Q) with f € Y and ¢ € S(Q), then

(4.1) senp (f,0) = sgngo)(0) [ [ seny (£(0)-

ieQ
Thus (f,0) is in HY if and only if Sghg () (0) = [Licqseny (f(i)). The next two
results hold for any finite group Y and a normal subgroup Y+ of Y.

Lemma (4B). Let (f,0) € Y 1.5(Q) and let Q = ]_[?:1 QF be the orbit decomposi-
tion of o on Q. Then the following hold:
(1) (f, )Y N (YT 215(Q) # 0 if and only if pi,(f,0) € Y for all 6.
(ii) Let (f,0) € YT 1S(Q) and g € Y. Then @V (f,0) € (YT 15(Q)) if and
only if g is constant modulo Y+ on Qf for 1 <6 <d.
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Proof. Part (i) follows from (3.1). For (ii) we note that 9V (f o) € (Y+15(Q))
if and only if g(i)f(i)(g(c™1)(i))"t € YT for all i € Q. Since f € (Y1)%, this is
equivalent to saying ¢g(i)(g(c=1(:)))"t € Y+ for all i € Q. O

Lemma (4C). Let ¢t be a character of YT, let ) = Indy+ (1), and let E((4p)%2)
and E(?) be the James-Kerber extensions of (¢7)? and ¢ to Y1 5(Q) and
Y 15(Q). Then

E(y?) = Indy S50 (B(4)™)),
Proof. Let (f,0) € (Y 15()) and let Q = ]_[5:1 Q7 be the orbit decomposition of

g on Q. I (f,0)Y5E) 0 (Y+15(Q)) = 0, then Indy 500, (B(H)2)(f,0) = 0.
On the other hand, by (4B), (i) there exists § such that p;, (f, o) € Y, so that

E(W?)(f,0) H¢ pi, (f,0)

Thus (4C) holds in this case. We may then suppose that (f,o) € (Y1 15(Q)) and
that p;, (f,0) € YT for all §. Let T be a transversal for Y in Y. Then

E(?)(f,0) Hw (pis (f,0)

= HZ¢ (tpis (fr0)t ™)

6 teT

Z HU) téng fv t& )

€T b
T is a transversal for (Y1) in YQ. Let TS be the subset of all g € T*! such that
g is constant on QF for all . We may identify such a g with the d-tuple (¢5), where
ts = g(is). This gives a bijection of TS with T9. Then (4B), (ii) and (3.1) imply
that

Indy 260 (B((4T)® = > E(@H)9(f,0)g7")
geTS
Z H?/} t5p15 .f7 t& )a
(t5 eTd 6
and (4C) holds. |

Y is a Frobenius group with kernel P = {(a) of order p and cyclic complement
(b) of order p — 1. The set R = {a,b* : 1 < i < p— 1} is a transversal for the
conjugacy classes of Y; the classes contained in Y+ are represented by a and b% for
1<i< %(p —1). Of these only a¥ splits in Y+, say a¥ = aJr UaY". We choose
& = sgny, & = ly, and label the characters &, in Y so that §,11-, = &, sgny for
1 <y < p. We also write {,11~ as &. In particular, Resys (&) = Epr 4 + Epr
where p* = %(p +1). We label §,+ + and a4 so that

Epe i (2) = Epe — () = £ /6pp for z € (ax)Y",

where €, = (—1)pr1. As in §3 we parametrize the irreducible characters 15 of H
by mappings

A:YY — {partitions}, &y = Ay,
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where 37 |Ay| = w. We also represent A by the p-tuple (A1, A2, ..., Ap). In partic-
ular, sgny = ¥a,,,, where Aggy = ({1*},0,0,...,0). Indeed, the stabilizer Hy
of Aggn is H, and

sgn

E(f/\sgn)(fa U) = H &1 (pis (f7 0))

[ I<VANT

IT IT senv(r@i))

b€ 1€QF
= TT sy ()
ieQ
by (3.2). Thus 1, = sgny. Let * be the duality A ~— A*, where A*: {, —
(Apt1—~)*. We say A is a splitting mapping of H if ¢, is a splitting character of
H, ie., Resg+ (Ya) = A+ + ¥a,— is reducible on H*. The main result of this
section is an analog of Frobenius’s theorem for splitting characters .

Proposition (4D). Let ¥ € HY. Then sgng ¥ = Ya~. In particular, ¥y is a
splitting character if and only if A = A*.

Proof. Clearly
Yasgny = (Indj, (E(€x)wa)) sguy
= Indjy, (E(éa)wa sgny, )
where sgny, = ResgA(sgnH). Let (f,0) € Hy, and write (f,0) = [, (f5,04),
where (f,,0,) in Y 1S(Q4). Let Q) = [Isca., €25 be the orbit decomposition of o
on . Since

st (£.0) = [1| TT seonis (. 0))| snsian )

v Lsea,

we have that
(E(6a)wna sgny, )(f, o)

= H { H &y (pis (fy, 04)) sgny (pis (f5, ‘77))} Wi, (04) SgnS(QQ)(Uv)

v Lsen,

S () EEONAR) | e

v Lsen,
= (E(&as)wa+)(f, 0).
Thus ¥ sgny = Pa~, and Resg+ (1a) is reducible if and only if A = A*. O

Each element of H is Y-conjugate to an element (f,c) of the following type:
Let Q = ]_[g Q¢ be the orbit decomposition of o, let (f,o) = [[s(fs,0s), where
fs € Y% and o5 is the restriction of o to QF, and let ns = |QZ|. Then f5 takes a
value s in R on a chosen element is in Qf and value 1 on QF — {is}. In particular,
pis (f,0) =rs. The data [[5[rs, ns] is called the cycle type of (f, o) and characterizes
the conjugacy class C of (f,o) in H. The cycle type of (f,o) in H and the cycle
type of (f,0) in S(T" x Q) are related as follows: Let T' = Hﬁ‘;l T's.. be the orbit
decomposition of (p;,(f,o)). The subsets I's . x Qs for 1 < k < ks are the orbits
of (fs,05) on I' x Q7. Thus the cycle type of (f,o) in S(I' x Q) is the partition
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with parts |I's .|| for 1 <6 < d and 1 < x < ks. A conjugacy class C of H is a
splitting class if C € H* and C = C; UC_ is the union of two conjugacy classes of
H. The following result is [6, §4.2].

Lemma (4E). A conjugacy class C of H is a splitting class if and only if its cycle
type satisfies the following conditions:

(i) Cycles [a, k] occur only for odd k, and such cycles have distinct lengths k.
(ii) Cycles [b¢, 4] occur only for odd i and even j.

A splitting class C thus has cycle type
d p*—1
(4.2) [Tle ks TT T, 241,
5=1 i=1

where the ks are distinct odd integers. The cycle type of a splitting C is p-regular
if no cycle of type [a, k] occurs, p-singular if no cycle of type [b*~1,2j] occurs. A
splitting class C consists of p-singular elements if and only if d > 0. If (f,0) € C,
then

Cya(f,0) ~ (a)? x H<b>ww.

In particular,

(4.3) Cr(f.0)lp = p™.

We define a bijection between splitting mappings A and splitting classes C of H.
If A is a splitting mapping, let Cy be the splitting class of the following cycle type
(4.2): d is the number of diagonal nodes of A,-, ks is the hook length 7ss(A\p+ ), and
wi; is the number of parts of length j in A;. Conversely, if C is a splitting class
of cycle type (4.2), let A¢ be the following p-tuple (A1, Aa,...,Ap): A; for ¢ < p*
is the partition having a part j for each cycle of type [6?*~1,25], Ay~ is the unique
self-dual partition such that nss(Ap«) = ks for 1 < § < d, and \; for i > p* is the
partition Ay, ;. Then (Ac)* = Ac and Ac is a splitting mapping.

If A is a splitting mapping of H, let A’ and A” be the p-tuples gotten from A by
replacing Ap- by () in the one case and by replacing A, for v # p* by 0 in the other
case. We call A’ and A" the p-regular and the p-singular parts of A. The p-tuple
with all components @) will be called the trivial p-tuple. Let Q = Q' U Q”, where

o=][a) ao=aq,
Y#P*
and [Q8] = |\, for all 7. Let w' = ||, w” = |Q"|, H' = Y215(V), H" = Y15(Q").
We may regard a non-trivial A’ or A” as a splitting mapping parametrizing a
splitting character ¥, or ¥p» of H or H”, since (A')* = A’ and (A”)* = A”. In
that case let (H')T = H' N AT x Q') and (H")" = H" N A(T x "), and let

Resfg,ﬁ (Yar) =Yn + +Par—  and Resgg//ﬁ (har) = a4 + Yar .
Suppose Cp has cycle type (4.2). If A’ is trivial, then H' = (H')T = 1 and we
define Cp+ as the identity class of H'. If A’ is non-trivial, then Cp» = Cpr 4 UCpr —
is a splitting class of H' of cycle type [], ;[b*~",25]*%. If A” is trivial, then
H" = (H")* =1 and we define C5 as the identity class of H”. If A” is non-trivial,
then Cp» = Cpav  UCpr — is a splitting class of H” of cycle type [[s[a, ks]. Moreover,
the irreducible character wy . of S(”) splits as wy . , +wx . _ on A(Q").
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Proposition (4F). Suppose A is a splitting mapping of H such that A equals its
p-singular part A”. Let (f,0) € HT. Then (Ya + — ¥ —)(f,0) # 0 if and only if
(f,0) € Ca. Moreover, ¥p + and Cx + may be labeled so that

(Va4 —va,)(f,0) = £(/&p)" e N(Ap)  for (f,0) € Ca+,
where d is the number of diagonal nodes in Ap«.

Proof. For simplicity of notation we write £ for &,« and A for Ap-. By hypothesis
Hp = H and ¢p = E(ép)wa. Suppose w = 1. Then H =Y, HT = YT o) = &,
and Cy = a¥. So (4F) holds if we choose ¢+ = &x and Cp+ = (ax)¥ . We
may suppose w > 1. The irreducible character 8y = (£4)? of (Y1)? is stable
under Y 5(Q). Let E(A)) be its James-Kerber extension to Y+ S(Q). Since
¢ = Indy 4 (€4), it follows by (4C) that
E(ér) = Indyls g0y (E(04)).
Frobenius reciprocity and Mackey decomposition give
ResH, (4) = Res (E(ér)wa)
= Resg+ (Ind{/IﬂS(Q)(E(HA))) Resg+ (wa)

+ yhis@
= Indg*lA(Q) (ReSY+§A((Q)) (E(HA))) R,QSZJr (CUA)

Let (Y)" = Y2 N G* and let O4 4+ = nd(; | A" (Resy 50 (E(64))). Then

Resyy+ (¥a) = Indgjﬂ)JrA(Q) (Oa,+) Resgrs (wa)
+
= Indg/nﬁA(Q) (@A)_,_ Resgm)+A(Q) (LUA))
= Indg/+n)+A(Q) (@A7+(WA7+ + w/\)_)) .

Since Resg+ (YA) = YA + +1a —, it follows that O, 4 is an irreducible character of
(Y +A(Q). We label ¥4 + so that

+
w5 ba+ = Ind{yay a0y (Oa+wa ),

+
’lﬁ/\)_ = Indg/n)+A(Q) (®A7+WA7_).

Let HY = (Y)TA(Q),s), where s = (g,7) with ¢ ¢ (Y®)T and 7 € A(Q), and
set ©p,— = (Oa,4+)°. Then

Q)+ 4
Res(ya @ @n0) = 3 b x b x o x e,
(e1,€2,--- ,€w)
€1€2 € ="

Hta@Q
Resyijn @(Or) = 3 b x b x o x b
(617627~~76w)
€1€2° €y ="

In particular, ©5 _ # O 4. By (4.5)
(©a+ —Oa-)(wa+ —wa—) on (Y)TAQ),

(4.6) Va4 —Va—- =
off (Y)+A(Q).
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Suppose (Ya+ —Ya,—)(f,0) # 0. Then (f,0) € (YH)TA(Q) by (4.6), and
(On+ —0a-)(f,0) #0, (wa+ —wa-)(o) #0.

(4A) implies that o is in the class C, () of S(Q2) and

(Wa,+ —wa,—)(0) = £/ exn(A).

Since (f, o) is in a splitting class of H, (4E) then implies that (f,o) € CA. We may
suppose p;, ((f,0)) = a for all §. The proof of (4C) then gives

d
Oa+((f,0) = Y. EONC(o)= > ¢

he(Y)H/(Y+)2 (1,000 ea) 9=1
€1€2-€4=+

Since Op 4+ is (Y)*S(Q)-invariant and O _ = (04 1)*,

d
Or-((f,o) = > J]& -

(e1,€2,... ,6q) 6=1

Thus
(Oa+ —OA)((f0)) = (£4(a) — &-(a)* = (V&p) ™.
We then label ¢4 + and Ca + so that (4F) holds. O

Proposition (4G). Suppose A is a splitting mapping of H such that A equals its
p-reqular part N'. Let (f,0) € HY. Then (Ya+ — ¥a,—)(f,0) # 0 only if (f,0) is
in a p-regular splitting class of H.

Proof. Let HX' =HAxNHT and 6, = Resg% (E(épa)wn). Then ©, is irreducible
since (E(éa)wa)(h, 1) # 0 for any element h in Y — (Y#)* taking value b on some
i € Q and value 1 on Q — {i}. We fix such an h. Let 7 be an involution in S(2)
interchanging ny‘ and Q£+l—'v for 1 < v < p*. Let t = (g,7), where g = 1 if
7€ AQ) and g = hif 7 ¢ A(Q). Then t € Ny+(Hy) and Ty = (Hj,t) is an
extension of Hy of order 2.

»
H+ 1/
/’ <HA7TA>
TA'
’/" Ha
HY o
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We claim T stabilizes ©4. Indeed, let (f,0) € HY, and write (f,0) = [ (fy,04),
where f, € YQQ, oy € S(QQ) Then

P

wi(o) = [T w, (o)
y=1

= H Wz (04)

(4.7) b

= H (,U)\,Y (U'Y) SgnS(QQ) (07)
y=1

= (wa Sgns(n))(”)-

On the other hand, if (f,, 0y) decomposes into cycles ]_[(SeAW (fs,06), then

E(ér)'(f,0) = E() D (M7(f,0))
=E() ("7 (f,0))
=TI IT &+1-+ @i (F,0)))

v €A,

(48) 1T II &@i(f.0)

v seA,

= H H (f’y(pia (fv U)) SgnY(pis (f7 0)))

v seA,
=E()(f,0) 585 () (o),

since [ [T;,ea, seny (i (f,0) = [L;eqsgny (f(9)) = sgng(q) (o). So Ty stabilizes
O by (4.7) and (4.8).

Let @X and O} be the two extensions of ©5 to Th. By Mackey decomposition
we may label ¥4 + so that

(4.9) Yas =nd (©1), v =Wd (©7).

We note for later use that any odd element s of Y normalizes T and interchanges
O} and O}, since ¢ , = 1A .

Suppose (o + — ¥a,—)(f,0) # 0. Replacing (f,o) by a conjugate, we may
suppose by (4.9) that (f,0) € Tp and (©F — ©3)(f,0) # 0. Thus (f,0) & Hy.
Elements of Ty — Hy have the form (h,p), where p interchanges I, <, ny‘ and
H'y>p* QQ In particular, p contains no cycles of odd length. Thus (f,o) is con-
tained in a p-regular splitting class of H. This completes the proof of (4G). |

Proposition (4H). Suppose A is a splitting mapping of H, A’ and A" are the p-
reqular and p-singular parts of A, and H' and H" are the subgroups of H associated
to A" and A".

(1) If (d)/\,-i- - u}/\,—)(fv U) 7é 07 then (fa U) is H+—conjugate to (f/a U/)(f”v UN):
where (f',0") is in a p-regular splitting class of H' and (f"”,c") is in the
p-singular splitting class Cpy»r of H”.



ON PERFECT ISOMETRIES AND ISOTYPIES IN ALTERNATING GROUPS 3495

(ii) Given labelings of ¥ar + and Yar 1, there exists a labeling of Y + such
that

(Va+ —Ya,)(f,0) = (bar+ —Par,2)(f',0")

4.10
(4.10) < (ar s — ) ("5 0")

for all (f, 0') — (f/7 0—/)(f//’ 0.//) with (f/7 0_/) a p—regular element Of (H/)+
and (f",0"”) an arbitrary element of (H”)"‘,

Proof. (4H) follows trivially from (4F) or (4G) if A’ or A” is trivial. So we may
suppose A" and A” are non-trivial Let {5 be the irreducible character ], (57)92 of
Y. Let €4 and £ar be the irreducible characters of Y and Y defined by

ev=[JE)™, &= ()"

y#p*

The stabilizers of £y in H' and &xv in H” are Hy = YQ/S(QA/) and Ha»r =
Y S(OA"), where S(QY) and S(QA") are the components of S(Q*) on ' and
0. Let E(€a+) and E(€a~) be the James-Kerber extensions of € and {a to Hys
and Hyv, and let wy and wpr be the irreducible characters of S(QA") and S(QA")
parametrized by A’ and A”. Then

Ya =Indfl (B(éa)wn),  var = E(€nr)war,
and
E(éa)wa = E(éa )war x BE(€pr)war.
Let

O = Resypt (B(€a)wn), O = Resy ! (B Jww).
A A/
Then O, and ©p are irreducible since (E(&x)wa)(f’,1) and (E({ar)war)(f',1) are

non-zero for any element f’ in Y — (YQ/)"r taking value b on some i € Q' and
value 1 on Q' — {i}. We fix such an f’. On the other hand,

" +
RGSg{u)Jr(’leu) = ¢A1/7+ =+ d}A”,—a ReSZ?C,XH+ (@A) = (“)A)+ + (“)A)_

A

are reducible. Given a labeling of 15, 1, we label ©4 4+ so that O 4 = Oar XPpr 4
and 91\,— =0y X ¢A117_.

Let s = (h,1) in Y be such that h takes the value b once on Q' and once on €2,
and the value 1 everywhere else. Then HY = (H{, x H{,,s). Let 7 € S(€') be an
involution interchanging QQ and Q;,\_H_,Y for 1 <~ < p*. Let t = (g,7), where g is
the identity of Y if 7 € A(€Y), and g = f"if 7 & A(Y). Then t € Ny, +(HJ),
Ty = (Hf,,t) is an extension of H}, of order 2, and [s,t] € Hy, x Hf,. In
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particular, if Ty = (Hy ,t), then Ty = (HY, x HY,,s,t) = (Tyr x Hy,., 8).

» H
H/
L

TA/ X HX,/

HA/ X HX,/

HA/ X HAN

HY

HX, X HX// HX, X HA“

T stabilizes © 5/ as in the proof of (4G). In particular, © - has two extensions @j{,
"+
and ©7, to Ty, Ind;"x’/ (Oa1) = 0}, +6}, and Ind{")" (OF,+03,) = v 1 +tw .

Given a labeling of 1as 1, we label 61%, so that
H')* H)YY  ~—
Y =Ind) (OF),  vw- =Indf) (0.

HTt

A
HY, xHF,

Then Ty x Hf{// stabilizes © 4 since ©, = Ind (OA,+), and T stabilizes ©4

since s € H; . Now
(OF X tar 1) = O X b,
(OX X War,—)* = OF, X Par 4,

since any odd element of Y normalizes T and interchanges @X, and ©,,, and

"o,
any odd element of Y interchanges Yar + and Yar . Thus
- _ Ta +
SA+ = IndTA, <HY, (Ox X Yar4),
= _ Ta +
ZA - = IndTA/XHX,, (@A/ X ’l/)A//)_)

are distinct irreducible characters, and
_ _ (@X, — @X,) X (Yar 4 —Par,—) on Ty x HX,/,
(4.11) Ep 4 —Ep- =
0 on T — (Tar x H}Y,).

We may label ¥ + so that

HY = H* +
Ya+ =Indp, (Exq4) = Indp . uy, (Ox X Par +),

HY j— HT
YA~ =1Indp, (Bp-) = IndTA/xHX,, (OF, x thar ).

(4.12)

Indeed, Mackey decomposition implies that

Resfj (¥a) = Indjj: (04) = Indf], (Ind 2 (64)),
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since 15 = IndgA (E(€p)wn). But

dTA (©4) = Ind 72 (IndH+ CHb, (Oar X Par 1))

T, /><H 7"
dTA e (In dHﬁ xHA+ (Oar X Ppr 1))

((@A/ +Ox) X Par+)

Thus (4.12) holds since Restrs (¥a) = a4+ + ¥a,—.

Suppose (Ya.+ — ¥a,—)(f,0) # 0. By (4.11) and (4.12) there exist (f’,0’) in
Ty — Hy, and (f”,0") in HY, such that (f,o) is H*-conjugate to (f',0")(f",o")
and

(4.13) (0% —Ox)(f o) # 0, (¥ar4 — Yar-)(f",0") #0.
(4H),(i) now follows by (4F) and the last paragraph of the proof of (4G).

Let (f,0) = (f',0")(f",0") € H with (f',0’) € (H’);r, and (f”,0"”) € (H")*.
If (f',0’) or (f”,0”) is not in a splitting class of H' or H”, then (f,o) is not in
a splitting class of H. Thus both sides of (4.10) are zero and (4.10) holds. So we
may suppose (f’,0’) and (f”,0”) are in splitting classes of H' and H”. Suppose
(f"”,0") is not in Cp». Then the right-hand side of (4.10) is zero by (4F). Suppose
the left-hand side of (4.10) is non-zero. By (4H) (i) there exist «’ in a p-regular
splitting class of H’, u” in a p-singular splitting class of H”, and h € H™ such
that ((f',o")(f", ”)) = u'u”. Moreover, v’ € Cp». In particular, v” is a product
of cycles of p-singular length as an element of S(T' x Q). A comparison of the p-
regular and p- singular cycle types of these elements as elements of S(I' x ) shows
that (f’,0’)" " (f", 0" = u". Since u” has no fixed-points on ", neither
does (f",0"). So h stabilizes ' and Q”, and h € H'H"”. Thus (f',0’) is conjugate
to w' in H', (f",0") is conjugate to v” in H”, and (f”,0”) € Cp». This is a
contradiction. So we may suppose (f,0’) is in a p-regular splitting class of H' and
(f",0") is in Cp».

Suppose there exists (g,7) in HT such that 9 7)(f, o) = (k', p')(R", p"), where
(R, p') € Tyr, (B, p") € HY,,, and

(4.14) (Ox = O, p) #0,  (bar g —ar,—) (W, p") # 0.
If 7(is) € Q' for some is € ', then p.(;,)(h”, p”) € a* by (4F). But
Priin) (B 0") = Priiny (7 ([, 0))
= g(7(is))pi, (f,0)9((is)) ™"
= g((is))pis (f',0")g(7(is)) ™"

and p;, (f',0') € (b)Y for odd i by hypothesis. This is impossible. Thus 7 stabilizes
' and Q" and (g,7) = (¢',7")(¢",7"), where (¢, 7') € H and (¢",7") € H". Then

(1/)1\ + = "Z)A )(fv U)
= IHdT cart, (OF X ¥wr 1) = (OF X Yar,))(f,0)

— Tpq B xHDT (0% x Yar +) — (OF, x an ))(f, 0).

Ty xHY,
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Let D be a transversal for Txs in (H')*. Then DUDs is a transversal for Tar x H,,
in (H' x H")™, where s = (h,1) is the element introduced earlier in the proof. It
follows that

(as — ¥a)(f.0)
= nd{ (©F)(f,0") % (ar s —ar ) (" 0")
+Ind? ) (@) (f0') X ($ar— —ar 1) (1", 0")
= (Wars — ) (15 0") X (ar s — a2 ) (0",

and (4.10) holds. Suppose no (g, 7) in H™ satisfies (4.14). Then (Yo + —a,—)(f,0)
is 0 by (4.12). Thus (4.10) holds unless

(Yars — a2 )(f'0") #0,  (har 4 —Yar )(f",0") #0.

In this case there exists (¢/,7') in (H')* such that &™) (f", ') = (h', p') is in Tys
and (0%, — ©5,)(W,p') # 0. This is impossible since ¢ 7) (", ¢") = (f",0"), s0
that (4.14) holds. This completes the proof of (4H), (ii). |

Corollary (4I). Let A be a splitting mapping of H. If (Ya.+ — a,—)(f,0) # 0,
then

(¥as =0 )(f,0) =0 (mod \/|Cu(f,0)l, )
and |Cy (f,0)|, = p?, where d is the number of diagonal nodes in \p-.

Proof. This follows from (4H), (4F), and (4.3). O

5. THE ISOTYPY CONJECTURE FOR ALTERNATING GROUPS FOR p > 2

We suppose p is odd in this section. Let G and G be the symmetric and
alternating groups on the set II of n elements. Let e and e™ be blocks of OG
and OG™ such that e covers e™. In particular, e and e have the same defect
group D. If D is non-trivial, then there exists x» in (G,e)¥ such that ResS (x»)
is irreducible. Indeed, let Ag be the p-core parametrizing e, and choose a partition
A of n with p-core \g and a p-quotient A such that A* # A. In particular, e™ is the
unique block of OGT covered by e.

Let H = Ng(D) and H+ = Ng+ (D). Let f = Br$(e) and f+ = Br$’ (e*) be the
Brauer correspondents of e and e™ in OH and OH ™. In particular, f+ is H-stable
since e* is G-stable. Moreover, ffT = f, since ee™ = e and Br§(et) = Brg+ (e™).
Thus f covers f*, and fT is the unique block of OH™* covered by f. We suppose
from now on that D is abelian and that |D| = p* with 1 < w < p. Then e and f
are isotypic blocks by (3B). If A§; # \o, then e™ and fT are isotypic blocks by (1E).
So we also suppose from now on that A\ = A\g. Thus e* = e =et, f* = f = 1,
and (G,G*,e,et) and (H,H", f, fT) are +configurations.

We use the notation of §3: IT = IIy UIl;, where IIy and II; are disjoint sets of ng
and pw elements; II; =T x Q, where I' = {1,2,... ,p} and || = w; X = S(T") and
Y = Nx(P), where P is a Sylow p-subgroup of X; and D is the Sylow p-subgroup
P of S(I1;). Let

H():S(Ho), H, :YZS(Q)7

(5.1) HE = A(ly), Hi =(Y159Q)T,
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and set H™+ = H x H{". Then H = Hy x Hy, H > HT > H*+ and H*/H*+
has order 1 or 2 according as |IIp| < 1 or |IIy| > 1. We have

(52) f+:f:e)\o XlHl?

where ey, is the block of defect 0 of OH( parametrized by Ag. Let x», denote the
character in (Hg, ex,)Y. Since g is self-dual, either [M\g| < 1 or [Ag|] > 3. It will be
convenient to interpret Hy and Hy as the identity group when |A\g| < 1 and to omit
identity factors in expressions such as (5.2). We fix a maximal e-subpair (D, e})
and a maximal f*-subpair (D, f})) as follows: Cg+(D) = Cy+(D) = Hf x D. If
IIo| < 1, let ef = ;) be the 1-block; if [IIo| > 3, let e}, = f}) = exy,+, where ey, +
is the block of OH{ containing an irreducible constituent xy, + of Resgz+ (Xx). In

both cases
(53) Ng+ (D, eg) = NH+ (D, fg) = H++.

We describe certain subpairs in Br.+(G) and Brg+(H™). Every e'-subpair
(Q,u™) is covered by an e-subpair (Q,u) in the sense that u covers u*. Conversely,
any subpair (Q,u™) of G covered by an e-subpair (Q, ) is an eT-subpair. Indeed,
these claims follow from the relation Brg(e) = Brg+ (et). If |Tlp] < 1, then et
and fT are the 1-blocks of OG* and OHT, and Brauer’s Third Main Theorem
implies the subpairs in Br.+ (G*) and Bry+ (H™) are (Q,ef) and (Q, f7), where
eg and f(';)|r are the 1-blocks of OGE and (’)Hg. So we suppose |IIp| > 3. Let = be
a standard non-identity element of D in the sense of §3, and recall that

Gm = Gm,O X Git,la Hm = HI,O X Hz,la

where Gw70 = S(HO U (P X Qm)o)), Hw70 = S(HQ) X (YZS(Qw70)), and Gw71 = Hw71 =
PZS(QIl) Let Hz,() = Hz,OO XHz,Ola where Hm’go = S(HO) and Hz,()l = YZS(QI())
Let

€x = €50 X €g,1, fw:fm,OO ><fm,Ol Xfw717

where e is the block of OG; ¢ parametrized by Ao, ez, is the 1-block of OG; 1,
fz,00 is the block of OH, oo parametrized by Ao, fz,01 is the 1-block of OH; o1,
and f, 1 is the 1-block of OH, ;. Let f; ¢ be the block f; 00 X fz,01 of OHy . Let
G and H be the intersections of G, and H, with A(II). Similarly, let G ; and
H;O be the intersections of Gy and H, ¢ with A(Ilp U (I' X Q40)), and let G;l
and H;l be the intersections of G, 1 and H,; with A(I' x Q). In particular,
Ge > Gl if [lg] >1orw>1. Let Gf T =G} x G} and Hf " = Hf ( x H,. If
w > 1, then e, and f, cover unique blocks ¢ and f;~ of OG} and OH; . Indeed,
let Xz = X2,0 X Xa,1, Where X0 € (G2.0,€2,0)"s Xa,1 € (Go15€5,1)Y, and Xz, or
Xz,1 is irreducible on G;O or G;l. Such a xz,0 or xz,1 exists since |Qg 0| > 0 or
Q1] > 2. So xz € (Ga, €)Y, Xz is irreducible on G, and e, covers a unique

xT

block e of OG}. A similar argument shows that f, covers a unique block f;© of
OH}.

Proposition (5A). Let x be a non-identity standard element in D. If |TIg| <1 or
w > 1, then Brgg(e"’) and Brfg (fT) are blocks of OG} and OHF. If [IIy| > 3
and w =1, then D = (z), G} = H}f = Hf x D, and

+ +
Br(% (6+) = Br{i) (f+) = €xo,+ T Exg,—
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Proof. 1f [Tly| < 1, then e* and fT are the principal blocks and (5A) is clear. If
[Ily] > 3 and w > 1, then (5A) follows from the preceding paragraph and the fact
that e and f are blocks of principal type. If |IIj| > 3 and w = 1, then the result
follows from our discussion of the maximal e*-subpair (D, e};) and the maximal
fT-subpair (D, f7). O

Proposition (5B). Let u = (J,¢) be the Rouquier isometry in Rx ((G,e), (H, f)).
Then the following hold:
(1) w is +equivariant with respect to (G, H™).
(i) Every p-induced isometry pt = (JT,et) in Rx((GT,et), (HT, f1)) is
perfect.

Proof. By definition (3.8) of the Rouquier isometry
J(sgng xa) = J(xar) = Xag X Y = 88Ny, Xae X 880y, Y3 = sgny J(Xa)-

Moreover, e(sgng X)) = €(xx), since [A1(,11)| = |)\*%(p+1)| and v(A\) = v(\*). Here
the last equality holds since the dual of a sequence of p-hooks leading from A to Ag
is a sequence of p-hooks from A* to Aj, and the leg and arm lengths of a p-hook
have the same parity.

For (ii) it suffices by (2B) to show that

Dr(g,h) = Oont — x0T Oxas) = I 0o ) (R

is perfect on GT x HT for all self-dual partitions A with p-core )\g. Suppose
®,(g,h) # 0 for g € G", h € HT. Then g and h are in splitting classes of G
and H, and

(5.4) Ot = x0=)(@) #0, (I (xas) — I 0= (1) #0.

The first inequality and (4A) imply that g has cycle type n(X). If d is the number
of n;;(\) divisible by p, then

X+ — xa,-)(g) =0 (mod vexp?)

and |Cg(g)], = p?. Moreover, g is p-singular if and only if d > 0. The second
inequality implies that h € HTT. Indeed, if |IIo| < 1, then h € HTT since H+ =
H*T+. If |Ilp| > 3, then x, and 13 are reducible on Hy and H;", and J (x»+)
has support on H+*. Thus h = ho(f1,01), where hg € H", (f1,01) € H;, and

(ot = Xa0, ) (g 1) #0,  (Yz , — ¥z )((fr,00)7") #0.

Here (Xag.+ — Xao,—)(hg ') is interpreted as 1 if [ITp| < 1. Since x,+ has defect
0, it follows that hg is p-regular and (xag,+ — Xro,—)(Ro) is divisible by |Cr, (ho)lp-
On the other hand, (41) implies that |C, (f1,01)|, = p? and

(Y3, =¥z, _)(f1,01) =0 (mod /|Ch, (f1,01)lp)-

Moreover, h is p-singular if and only if d > 0. It now follows that ®, is perfect.
For each j =1,2,... ,w, let 2; be a standard element of D such that [, 1| = j.
We claim the w subgroups (z;) form a set of representatives for the Ng+ (D, e}))-
orbits of non-trivial cyclic subgroups of D. This is trivially true when w = 1, so
we may suppose w > 1. The w subgroups (z;) form a set of representatives for the
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(Y 1 5(£2))-orbits of non-trivial cyclic subgroups of D. But the (Y ?.S(2))-orbit of
(z;) is the (Y 2.5(Q2))*-orbit of (x;), since

Cyis)(xj) = (Y 1S(Q;0)) X (P1S(Qu; 1))

contains odd permutations when w > 1. Since (Y 1 S(Q2))" < Ng+(D,e},), the
claim holds. O

We will use the isotypy (3B) between e and f to define an isometry pu+ and

perfect isometries p} for x in {z1,z2,... ,x,} so that the diagrams
Ri(Gt,et) —— Rg(HT,fT)
.’L',€+ xT, +
(5.5) ldﬁz ldHf”
R +
CFp/(G;',e;') —= CFp/(H;',f;')

are commutative. The definitions require a consistent labeling of splitting charac-
ters and splitting classes.
The following three configurations (5.6), (5.7), (5.8) are basic for the labeling:

Ha,0
Gzo —— Hgpo= Hyo0 X He o1

I I

N
(5.6) Gry — Hy

I

H oo x Hyf 1
where pi, 0 is the Rouquier isometry. If Gy o = G;O or Gzo = Hyo, then g0
is the identity isometry. Here G, = G if [llo] < 1 and j = w; Gao = Hap
if j = w. In these cases, we fix u:{,o as the identity isometry. If Gz o > G;O,
then (Go,0, G s €20, €4 0) and (Hy 0, Hf o, fz.0, fio) are +configurations, and p, o
is +equivariant with respect to (G o, Hf ) by (5B), (i). We will fix u;, in what
follows so that pf  is p14 o-induced and hence perfect by (5B), (ii).

Mz, 1
Gm,l E— Hm,l

(5.7) | |

+ /’LI,I +

Gz,l - Hz,l
where i, 1 is the identity isometry. We fix ,u;l as the identity isometry. If G, >
G’;l, then (G 1, G;l, €x.1s 6;_71) and (Hy 1, H;:l, fa1, f;l) are —+configurations,
e 1 18 trivially +equivariant with respect to (G

o1 H;fl), and ,u;l is trivially g 1-
induced. Here G,1 > G;‘)l if and only if j > 1.
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Ke=Hz,0 XKz, 1
s e

Gm = Gw,O X Gw71 Hw = Hw70 X Hm,l

I I

+ Ha +
GIE HJZ

(5.8) T T

+ +
++ — ot + Ha,0XHe,1 ++ — gt +
Gm - Gz,() X Gr,l Hw - Hz,() X Hr,l

|

+ + +
H oo x Hygy X Hyy

where f150, 15 g 05 a1 are the perfect isometries in (5.6) and (5.7). If G, = G,
then G0 = Gf and G, 1 = G |, that is, |Tlo| <1 and w = 1. Thus G, = G =
G and p, is the identity isometry. In this case we fix u; as the identity isometry.
If G, > G} and G} = G, then either G, o = G or G,,1 = G, that is, either
o] <1and 1< j=w, or [Ilp U (T X Q,0)] > 3 and j = 1. In this case we fix
ur = .U:,o X ,u;l. If G, > GF > GIT, then

(GwaG;—7ew7e;—)7 (HwaH;_afmf;)v
(G, Gyt el el ™), (HI HI 7 f5 1)

are +configurations. Moreover, u, is perfect and +equivariant with respect to
(GF, H) by (2E), (i). We will fix p} in what follows so that p;} is p,-induced and
so that pf o x p ) is pf-induced. This is possible by (2F), (i). In particular, p is
perfect by (5B), (ii).

We fix pf for # = x; in the remaining cases as follows:

Step 1. If |A\o| > 3, then the character x», of H; o splits on H;foo- We label the
irreducible characters x ., + and the conjugacy classes C,y,),+ of H, ;r oo S0 that (4A)

holds. This labeling is fixed for all j. If |Ao| < 1, then H, oo = H;too =1 and we
omit this step.

Step 2. If Q0] > 1, let A’ run over the p-regular splitting mappings of Hy o1.
The splitting characters 1, of H, o1 satisfy the hypotheses of (4G); the splitting
classes Cps of H, o1 have p-regular cycle type. We label arbitrarily the irreducible
characters ¢ar + of H ) and the conjugacy classes Car+ of Hf o). If [Q 0] = 0,

then H, 01 = Hj; = 1 and we omit this step.

Step 3. Let A” run over the p-singular splitting mappings of Y ¢ S(€;,1). Such
mappings exist since |€2; 1| > 1. The splitting characters ¢ of Y 1.5(€,,1) satisfy
the hypotheses of (4F); the splitting classes Ca» of Y 1.5(€,.1) have p-singular cycle
type. We label the irreducible characters ¢¥a» + of Y 1.S(Q; 1) and the conjugacy
classes Cpar 1+ of Y 1.5(9,.1) so that (4F) holds.

Step 4. Let A run over all self-dual partitions of [IIy U (T' x Q)| with p-core Ao
and p-regular p-quotient A’. Suppose [Q; 0] = 0. Then A’ is trivial, N = Ao,
Gz = Hyo = Hg 0, and Xy + and Cy(y) 4+ have already been labeled in step 1.
Suppose Q0] > 1. Then A’ is a p-regular splitting mapping of H, o1 of the type
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considered in step 2. The conjugacy class C,\/y of G0 contains the conjugacy
class Cp(x,)Car of Hyo. If |Ag| > 3, we label C;(x),+ so that

+ +
Cn(/\’)7+ = (Cn(/\o)7+cA/,+)Gz*° = (Cn(,\o)7—CA/,—)GZ*°,

+ +
Coiny,— = (Cyre),+Car,=) 950 = (Cpyng),—Car,+) 0.

If [Ao| < 1, then Hyoo = Hj 4 = 1 and we label Cpx) s+ so that Cpoy 4 =
(CA/,+)G;0 and Cpvy,— = (CA/,_)G;O. We then label the irreducible characters
Xz, + of G;O so that (4A) holds. We label the irreducible characters (x,%as)+ of
H, so that

H,+
Res *°
Hz-,OO

ary (OO0¥)+) = 00,40+ + X0~ %07 -

H+
Res %°
Hm,OO

i+, (X000 =) = X000 + U007 =+ Xro ~ 7+
for |Ag| > 3, and so that

COoa)+ = Lsare) X ¥ar+,  (Xae¥ar)— = Lsqry) X Par,—
for [Ao| < 1.

Step 5. Let piz0 = (J2,0, €2,0). We fix a pu, o-induced isometry pf o = (JF o, €1 ) so
that

Jao0ov,e) = Joo(xa) e = (¥ )+
for the )’ in step 4. Here A’ = A’, since A* = A.

Step 6. We label arbitrarily the irreducible characters and the conjugacy classes of
G}, = HJ | occurring in splitting irreducible characters and conjugacy classes of
Gg1 = Hy,. Here u:)l was already chosen as the identity isometry. If G, > G} >
G, we choose a pi,-induced isometry il such pf o X g is pf-induced. In the
remaining cases, we choose p} as in the comments following (5.8). In all cases, u;
is p1z-induced, N:,o X M;l is pF-induced, and p;} is perfect.

Step 7. Let A run over all splitting mappings of H; such that the p-regular and
p'-regular parts A’ and A” of A are splitting mappings of Hy o1 and Y 15(9,,1). We
label the irreducible characters ¥4 + of H;" so that (4H) (ii) holds. The conjugacy
class Ca of H; contains the conjugacy class Ca/Car of Hy g1Hg 1. If |Qg0] > 1, we
label Cp, 4+ so that

Cat = (Car i Can )™ = (Car—Car )T
Ca— = (CarsCar ) = (Cpr _Car )Y

If |Q%,0] =0, then H; 01 = 1, and we label Cy + so that Cy + = Cav 4 and Cp,— =
CA//7_.

Step 8. Let A run over all self-dual partitions of |II| with p-core Ag and p-quotient
A as in step 7. Let A’ and A’ be the self-dual partitions gotten from A by remov-
ing respectively all (i, )-hooks of p-singular length and all (,)-hooks of p-regular
length. We call X and )\’ the p-regular and p’-regular parts of A. In particular, \



3504 PAUL FONG AND MORTON E. HARRIS

has p-core Ay and p-quotient A’, and X" has p-core () and p-quotient A”. If |\'| > 3,
we label the conjugacy classes Cy )+ of GT so that

+ +
Cot = (Chn 4Car 1) = (Cypn),—Can )7,

+ +
Cox)— = (Coa) 4Car, =) = (Chay,—Car )

If [M] <1, then G0 = 1, and we label the conjugacy classes Cyy),+ of GT so that
Chin),+ = Car 4 and Cy(n),— = Cav,—. We then label the irreducible characters xx +
of G so that (4A) holds.

Step 9. The X in step 8 determine splitting classes Cyx,),a = Cp(ro)Ca of H. If
|Ao| > 3, we label the classes C;(xy),a,+ of HT so that

+ +

Coirorat = Coro)+Ca )™ = (Coing),~Ca )™,
+ +

Cotrortim = Corg)+Ca )T = (Chno),=Ca )™

We label the irreducible constituents (xx,¥a)+ of Resg+ (Xxo%a) so that

.
ReSZJH; (0 ¥A)+) = Xao 4P+ + Xro,— VA,

RGSZQH;((X/\M/JA)—) = Xao,+¥A,— + Xro,— YA+
If [Xo] < 1, then H,p = 1, and we label the classes Cp(xy),a,+ Of Ht so that
Chnixo)a+ = Cat and Cyag)a,— = Ca,—. We label the irreducible constituents
(Xxo¥n)+ of Resg+ (Xao®a) so that
(Oo®a)+ = Lsmy) X ¥a+,  (Xao¥a)- = Lsqy) X YA,
Step 10. Let A run over all self-dual partitions of |II| with p-core \p and a p-regular

p-quotient A. We label arbitrarily the irreducible characters x4+ and the conju-
gacy classes Ca + of G*. Similarly, we label arbitrarily the irreducible constituents
(Xxo¥n)+ of Resg+ (Xx0¥a) and the conjugacy classes Cp(xg),a,+ = (Cp(xo)Ca)x Of
HT.

Step 11. Let A run over all self-dual partitions of |II| with p-core Ag. Let = (J, €).
We choose the p-induced isometry pt = (JT, eT) so that

N T+ = (ota)s  if ()P on =1,
JT0ox) =
T+ = (oota)s  if ()P on = -1,

where d is the number of diagonal nodes of A" and
Ver (V)™ e
Ve '
Note that oy = 1. Indeed, if 7;;(Ap+) = 2u; + 1, then
(—1)* [(Cuit1)—ds]

o)\ —

EXpx

and
€Nt = (_1)% I:(Z(Quip'i'p))_d)\]

(_1)(Zuip)+dx(%1).
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. _ p—1y . d
Since Y u;p = Y ui(mod 2) and €, = (—1)(*z7), it follows that exr = (¢,) NEN
and €y = ey (ep)d*e,\p*. Thus o) = £1.

Proposition (5C). Let A be a self-dual partition of n with p-core Ay and p-quotient
A, and let x € {x1,22,... ,Zy}. Then

R+ o (dé+(n+ —xa-))(y) =0

= Q| and y € (Hf ooH o Hyf ). Moreover, if | Ay
Y = yooyoryr with yoo € (H0)p» yor € (Hi 1), y1 € (Hy )y, then

unless |Ap

= |Q 1| and

R+ (de+ 0o+ = x0,-)) (1) =0aez,0000 ) (Xao,+ — X0, ) (¥00)
X (Yar 4 — Yar,—)(yor)(ar + — Yar —)(zy1).

Here N is the p-reqular part of \; ¥a: and Pan are the irreducible characters of
Y 15(Q2,0) and Y 1S(,,1) parametrized by the p-regular and p-singular parts A’
and A" of A; and the factor (xag,+ — Xrg,—) OF (¥ar+ — Yar ) is interpreted as 1
when |Ao| <1 or [Qyz 0] = 0.
Proof. Let pars = Restpior )2 (har 2) if [Ape| = [, and let par s be the
zero function if |Ap«| # |Qz,1]. We show first that

x GI T
(5.9)  dg Oont —xa—) = ox Ind 1 (dgr (ov) X dgs (par s = par,2)),

,1

+

z,p’
20 € Gzo and 21 € Gea. By (4A), (xa+ — xo,—)(x2021) # 0 only if 22021 € Cy(n)s
or equivalently, only if [A,«| = [Q4,1], 20 is in the class C,(x) of G0, and xz; is in
the class Cpo» of Gz 1. Thus (5.9) holds if [A,«| # |41, since both sides of (5.9)
are zero. Suppose |Ap«| = [Q,1]. Then

where dé‘+0(x>">+) is interpreted as 1 when |A'| < 1. Indeed, let zgz1 € G _,, where

. +yexn(A) if xzoz € Cn()\))i,
A (Xa+ — xa,=)(2021) = ,
0 if TZpR1 6{ Cn()\),i'

+
On the other hand, Indgg+ (dlcfo(x)"7+) X df (par 4+ — pa~,—)) has support on

x,1

G, where it is equal to
(510) ngO(X)\/7+ — X>\/7_) X déi1(pA”’+ — pAu7_).

Moreover, (4A) and (4F) imply that (xa.4+ — xa,—)(20) and (Yar + — Par,—)(xz1)
are zero except for

Oov,+ — xv,=)(20) = £/ exn(N) if 20 € Cyr) 4
(bar s = Uar ) (wz) = £(VGH)™ \fer,.n(Ape) 1221 € Cnrs
Here (xa+ — xa,—)(%0) and £+4/exn(N) are interpreted as 1 when |\'| < 1. Since

ex=ex(e)Pen.,  Vnh) =/ n\)pBn(ipe),

(5.9) follows from the labeling in step 8.
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Suppose |X| > 3. Then
R+ (dé+ (n+ — xa,-))
Gt
= Ry (on G (Al (0s) X s (o — par, )
H,+
=oxInd, 1, (Ru;ow;pp’ (dé:;ryo(x)\ﬂ-i-) x dé;yl (parr 4+ — par,=)))
(since p1 induces pf o x p )
G R, (@ R, (d
=oalnd i (Ryr - (dgr Oova)) xRy (dge (par s = par,-)))
HT
=oxInd . (d}{;YO(R,,;O(X,\%)) < dye (Rt (par s = par-)))
(since N:,o is perfect by (5B) and M;l is the identity isometry)
HT
= O'Ad?{; (IndH3+ (R#I,OX#:1(X)">+ X (pA”,-i- — pA//,_)))).
Thus R+ (d+ (Xa,+ — X»,—)) has support on (H "), , where it is equal to
oadyr Ryr v+ = xa=) X Ryv (par 4+ = parr,-))-
In turn, RMI,O(X’\'>+ — Xx,—) has support on H;OOH;m, where it is equal to
€2,0(X3 ) (Xao,+ = Xao,—) X (¥ar,+ — Par,—).

Thus R+, (d%,. (xa+ — Xa,~)) has support on (H. oo H. oy H 1), and the first
half of (5C) holds. The argument shows that

R+ (dG O+ —xa-)) (W) = oxea,0(xa) (Xao,+ = Xro.—) (%o0)
X (Yar,+ = ¥ar,=)(Wor)(Yar + — Yar, ) (zy1)
if [Ap- w1l and y = yooyory1 with yoo € (Hioo)p» yor € (H o)y, and

y1 € (H; )y Thus (5C) holds when || > 3.
Suppose [N | < 1. Then G} = GFT, and (5.11) reduces to

R+ (dé+ O+ —xa-)) =Ryt (U/\dé:’l(pA//,Jr —par—))
= U/\ngl,p/ (déjl(PA”& —par,-))
= U)\dfv{% (Rﬂj,l(pAN’-i_ — pA”,—))'
Then (5C) holds trivially in this case, since (H, OOHI 01H Dy = H )y, O

Proposition (5D). Let A be a self-dual partition of n with p-core Ao and p-quotient
A, and let x € {x1,29,... ;2 }. Then

dre (Rt (0o + —xa,-))(y) =0

= Q| and y € (H} OOHI o Hy 1 )pr . Moreover, if [Ap-
Y = yooyory1 with yoo € (HFo0)p, yor € (H, m)p Y1 € (Hf )y, then

unless |Ap

= |Qq.1] and

A7y Ry Ot — Xa-)) (1) = (=€) ™ e(xa) a0+ — Xo.—) (¥o0)
X (Yar 4 —Yar,—)(Wor) (bar + — Yar —)(xy1).
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Here 1pr and Par are the irreducible characters of Y 1.8(Qg0) and Y 1 S(£24,0)
parametrized by the p-reqular and p-singular parts A’ and A" of A, and the factor
(Xxo,+ — X2o,—) 07 (Yar + —Yar,—) is interpreted as 1 when |No| <1 or |Qg 0| = 0.

Proof. For y € (H),» we have

dirs (Rt O+ — x0-)) () = Ryur (a+ — xa,-) (wy)
= (—ep)Pore() (I (xas) — I 0ea=)) (ay).

Let y = yooYo1y1, where yoo € (Hu00)ps Yo1 € (Huo1)p, Y1 € (He)p. Thus
Yoo € (Ho)p'» yor1y1 € (H1)p, and

(I Oeas) = I (a2 (2y)

(X2ort — Xoos—) (W00) (Va+ — ¥a,—)(zyoryn) if zy € HY HY,
0 if vy ¢ Hf Hy

by the labeling of J*(xx,+) in steps 8-10. Suppose d%, (R,+ (Xx,+ — xr,—))(y) # 0.
Then yoo € (H; o0)p» yor1y1 € (Hy )pr, and (a1 — ¥a—)(xyor1y1) # 0. Let Hj
and H/' be the subgroups of H; associated to A’ and A”. By (4H) (i) there exist
elements v’ in a p-regular splitting class of Hj, u” in a p-singular splitting class
of H/, and h € H;" such that (zyo1y1)" = vw/u”. A comparison of the p-regular
and p-singular cycle types of these elements as elements of S(I'" x 2) shows that
(yo1)" =/, (xy1)" = u”. Thus [Ap+| = [ 1], yo1 € H:Ol, Y€ H:,p and the first
part of (5D) holds. Now suppose [Ap<| = [Q1], Yoo € (Hy o0)p yo1 € (Hy 1)y,
and y; € (H ). We can then choose Y 1.5(,,0) and Y 1.S(€2; 1) as the subgroups
H)} and H} of H, associated to A’ and A”. The second part of (5D) now follows
from (4H) (ii), the labelings in steps 8-9, and the definition of J*(xx,+). O

Proposition (5E). The diagram

R
RK(G+,6+) L, RK(H+,f+)
(5.12) |t |5+
R +
CFy(GE,ef) ——= CFy(H}, f)
is commutative for all x in {x1,x2,... Ty}
Proof. Suppose x* = Res& (x) for x € (G, e)Y. Then
djr+ Ry (x7)) = Ry (& (X7T)),

that is, (5.12) is commutative for such x*. Indeed, d§; oR,, = Ry, ,» 0 d% by (3B),
and

z H,
R+ 0 Resg+ = Resg+ oR,, Rui o Resgi = ResH; oR,,,
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since p™ is p-induced and p is pg-induced. Thus

d%+ o R+ o ResGy = d%, o Resji+ oR,

H,
— T,p £y
=Res 1" ody oRy,
x,p’
Hm,p’ x
= Res 0 , oR,, p 0 dé
z,p
Gopr
p— z,p g
=Rty oRes i ,© dg;
z,p

G
= Ruip’ o di+ oResgy,

since p, and p; are perfect isometries.
Suppose x = xa+ — Xa,—, where xx € (G, €)Y, X is self-dual, and G} > G ™.
The commutativity of (5.12) for x* follows from the expressions for

Ryt p (4 Oone =0 -)) W), ds Ry Ot = xa,-)) ()

given in (5C) and (5D). Indeed, we may suppose that A’ is a p-regular splitting
mapping of Y 1.5(2,;,0) and A” is a p-singular splitting mapping of Y 1.5(Q,1). It
remains to show that

(5.13) oxez0(xn) = (=€) P ore(xa)-

But €(xx) = v(A)(=1)** 1 = (=1)% since X is self-dual, €, o(xa) = v()') since N
is p-regular, and v(A)v(N) = (¢,)®. Thus (5.13) holds.

Suppose x = xa+ — Xa,—, where xx € (G, €)Y, X is self-dual, and G} = G} ™.
Then |H0 U (F X Qm’0)| < 1 or |Qm’1| =1.1If |H0 U (F X Qm’0)| < 1, then G;_ = H;_,
pt is the identity isometry, and (5.12) holds trivially. If |Q, 1| = 1, then

G =AMy U ([T x Qo) x P, HF = (SIlp) x (Y15 0))t x P

The previous arguments apply if (a4 — v —)(y1) and (par 4+ — par,—)(y1) are
interpreted as 1 when |Ag| <1 or |, 0| = 0. This completes the proof of (5E). O

Theorem (5F). et and fT are isotypic blocks of OG™ and OH™ with local system
given by the translates of the ut for x in {x1,22,... Ty}

Proof. The inclusion of D in GT and H™ induces an equivalence of Br.+ p(G™)
and Bry+ p(H™) by [1, (4.1)]. We claim the diagram (5.12) with z replaced by any
generator of () is a commutative diagram. Indeed, the horizontal arrows in (5.12)
depend only on (z) and not on x. The proofs remain valid when x is replaced by
any generator of (z). Since z € {x1,x2,... , 2} and the w subgroups (z;) form a
set of representatives for the Ng+ (D, e}})—orbits of non-trivial cyclic subgroups of
D, (5F) holds by transport of structure, as remarked in §1. |

6. COMPATIBILITY

The Broué conjecture for the principal block holds for all finite groups if it holds
for all finite simple non-abelian groups X and if the isotypies for X satisfy com-
patibility conditions with regard to extensions of X by p’-groups of automorphisms
(see [10, (5E)]). We show that the isotypies constructed in §5 for alternating groups
satisfy these compatibility conditions. We suppose p > 2 throughout this section.

Let G and GT be the symmetric and the alternating groups of degree n, let e and
e™ be the 1-blocks of OG and OGT, and let e and e™ have the common non-trivial
abelian defect group D. Moreover, let H = Ng(D) and H™ = Ng+ (D), and let f
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and f* be the Brauer correspondents of e and e™. In particular, et and f* are
stable under G and H. On the other hand, e = e* and f = f* hold if and only if
IIIy| < 1. The maximal subpairs (D,ep), (D, fp), (D,e},), (D, f{) for e, f, et
fT are unique since e, f, e*, f* are the 1-blocks. Let {up} and {u}} be the local
systems for the isotypies between e and f and between et and f* constructed in
§3 and §5.

Let G = Aut(G™T), so that G > G and |G/G| = 1 or 2 according as n # 6
orn = 6. Let H = Ng&(D). The inclusion of H in G induces an isomorphism
a: G/GtY — H/HT, since G = HG'. The compatibility conditions from [10, §3]
are of three types. The first type (F1), (F2’), (F3) relate to fusion:

(F1) G/GT and H/H" are p/-groups stabilizing et and f.

(F2') Given z in Ng(D), there exists y in Ng(D) with a(zGF) = yH* such
that « and y induce the same mapping on D. Similarly, given y in N5 (D),
there exists  in Ng(D) with a(zG*) = yH™ such that = and y induce
the same mapping on D.

(F3) a(GpGT/GT) = HpH*/H™ for all cyclic subgroups P of D.

(F1) holds since et and f* are the 1-blocks. (F2') and (F3) follow easily from

G = HG' and the structure of Gp and Hp.

The second type (il) imposes extendibility conditions on the isometries u; =

(J},€p) for all cyclic P < D. Namely, let ap: Gp/G} — Hp/H} be the isomor-

phism defined by ap(zG}) = a(zGt) N Hp for 2 € Gp, and set

Alap) ={(z,y) 12 € Gp, y € Hp, ap(xG}H) = yHE},
A(pp) = {xp x VP 1 xp € (Ghoep)’, vp € (Hp, 7)Y, Ip(xp) = vp ).
In particular, A(ap) = A(a) N (Gp x Hp). Then the following hold:
(I1.1) p}f is stable under A(ap).
(I1.2) Each x5 x ¢f in A(u}) has a A(ap)-equivariant extension to a character
i Ep(xp x ¢}) of its stabilizer A(OZP)X;X,L/;;; in A(ap).
(I1.3) The extension of x}, to A(ap) given by

Ep(up) = Yo e (hER(G x ¥h),
XPXUEEA(1p)
where Ep(xp x ¥3)(z,y) = 0 for (z,y) & A(ap) 4w g+, is perfect in the
_ sense that
(I1.3a) Ep(u}) separates p-singular and p-regular elements of A(ap), and
(I1.3b) Ep(uf)(z,y) is divisible in O by |CG,t (x)| and |C’H; (y)| for all (z,y) in
A(Oép).

We verify (I1) when n # 6. If e = e*, then u} is stable under A(ap) by the
construction in §5. If e # e*, then each term X; X 1/1; in u; is even stable under
A(ap). Let xf5 and 9} be characters corresponding under J5. Then A(O&p)X;de;
is G5 x Hfy or A(ap). In the first case we set Ep(x5 x ¢}) = xp x ¢} In the
second case X; and 1/1; extend to irreducible characters xp and ¥p in (Gp,ep)Y
and (Hp, fp)Y corresponding under pp, and we set

Ep(xp % ¢5) = Resgfaxplfp (xp x ¥p).
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By (1D) and (2.3)

. wr(z,y) if e # e,
(6.1) Ep(up)(z,y) = 9 | o .
shp(@,y) + 3A(up)(z,y) ife=e”.

where A(u}) is the generalized character of G}, x H} of (2B) extended by zero to
A(ap). Since pp and A(u})) are perfect, it follows that all conditions of (I1) hold.
The third type (G1) and (G2) are glueing conditions on the extensions in (I1).

(G1) E<1>(u?'1>)(izcx’,yy') :~0 for all (z2',yy’) € A() such that © € G}, y €
) HYf o' €Gop,y € Hyp,and oty in GF.

(G2) E<1>(ua>)(zx’,zy’) =B (,u@)(x’,y’) for all (z2/, zy’) € A(«) such that

ze D,z € Cy(2)p, Yy € Cy(2)y.

We verify (G1) and (G2) when n # 6. Suppose e # e*. Then E<1>(uzr1>) =
Resg(xal){(;f) and Ep(uh) = Resgl(’axplfp (1p), so (G2) holds. Let (z2’,yy’) € A~(a)
be as in (G1). Since G £ G when |IIy| > 3, it follows that z ¢ y in G, and (G1)
holds. Suppose e = e*. Let (z2’,yy’) € A(a) be as in (G1). If % y in G, then
poy(z2’, yy') = 0. Moreover, A(ujl))(:mc’, yy') = 0, since each summand

(x+ —x-)(@a") (P —0_)(wy)

in A(uzrw)(:mc’, yy') is zero by (4A), (4F), (4G), or (4H). Thus E 4, (uzrw)(gcx’, yy') =
0 by (6.1), and (G1) holds. If # ~ 5 in G, then n = p+1 or p; otherwise G, > G
and z ~ y in GT. In this case (G, e)" = {x1,X2--- , Xp}, where x; is parametrized
by the partition A; of n with a p-hook of leg length i — 1. So Res& (y;) = Xi s
irreducible for 1 <i < p* — 1, Res&y (Xp+) = Xp+.+ + Xp.— is reducible, and

(G-i-’e-‘r)\/ = {XT;X;; o 7X;)_*—17X;D*7+7X;D*,—}'

(H, f)¥ may be identified with YV = {&1,&,...,&,}. So Rest (&) = & is irre-
ducible for 1 <i < p* — 1, Resp+ (&) = &= 4 + &pe— is reducible, and

(H+a f+)v = {gii_vg;_v s aft—lvgp*,—i-afp*,—}'
The isometries u and p™ are
xi = (=1 for i # p*, Xp= — (—1)”*51,*

Xj = (—1)i+1§z'+ for i # p*  Xpr,+ — —€p&pr x,

A direct calculation gives (~ 1).
Suppose (za’, zy') € A(a), where z € D, 2’ € G,y € H, . If 2/ ¢ GT and
y' & HT, then

(6.2) By (ufyy)(z2', 29) = By (1)) (@', )
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by (6.1), since ppy (22, 2y') = pey(a',y'). If 2/ € Gt and y' € HT, then (6.2) is
just ua(zx’,zy') = u?‘z> (z/,y'). Thus (G2) holds.

We now suppose n = 6. Then G ~ A(6) ~ PSL(2,9), G = Aut GT ~ PTL(2,9),
and p = 3 or 5. Let Gy, Ga, G35 be the maximal subgroups of G containing G,
labeled so that

G1 >~ 5(6), G2 ~ PGL(2, 9), Gg ~ Mlg.

We follow Atlas notation [7, page 5] for the character table of G-

TABLE (6.3). G

360 8 9 9 4 5 5 24 24 4 3 3 10 4 4 5 5 2 4 4
1A 2A 3A 3B 4A 5A B* 2B 2C 4B 6A 6B 2D 8A B* 10A B* 4C 8C D**
1 1 1 1 1 1 1: 1 1 1 1 1: 1 1 1 1 1: 1 1 1
5 1 2-1-1 0 0: 3-1 1 0-1e 0 O 0 0 0Oe 0 O 0
5 1 -1 2 -1 0 0:-1 3 1-1 Oe 0 O 0 0 0Oe 0 O 0
8 0—-1-1 0 -b5 e 0 O O O O: 2 O 0 b xe 0 0 0
8 0-1-1 0 * —bbe 0O O O O O: 2 O 0 * b5e 0 O 0
91 0 0 1 -1 -1: 3 3-1 0 0:-1 1 1 -1-1: 1-1 -1
-2 1 1 0 O O0: 2-2 0-1 1: 0 r2 —r2 0 0 0 2 —i2

The columns correspond to conjugacy classes C' of G, the first two entries in each
column being |Cg+(g)| for g in C' and the Atlas label of the class. Also b5 =
L(-1+V5), r2 =2, i2 =iV2.

The natural inclusion of H = Ng(D) in G induces an isomorphism a: G/G* —
H/H?" since G = HGT. Also HY ~32: 4, H~3%: [2%] if p=3, and HT ~ Dy,
H ~10: 4if p=>5. Let H; = Ng, (D), so that

H, ~3%: Dg, Hy~3%:8 Hy~3%:Qg ifp=3,
Hy ~5:4, Hy ~ Doy, H3~5:4 if p =25.

Let a; be the restriction of a to G;/G™ for i = 1, 2, 3, and set
Alay) ={(x,y) 12 € Gy, y € Hy, ai(xGT) =yHT}.

We verify the compatibility conditions (I1), (G1), and (G2) for the two cases p = 3
and p = 5.

Suppose p = 3. Then D ~ 32, H+ ~ 32: 4, and H ~ 32: [2%]. The characters 1,
51, 52, 81, 82, 10 in (G, e™)Y have stabilizers G, Gy, G1, Ga, G2, G in G. Only
the characters 1, 51, 52, 81, 82 extend to their stabilizers. Let E(1), E(51), E(52),
E(81), E(82) be the extensions given in (6.3). The following is the character table
of H:
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TABLE (6.4). H,p=3

36 4 4 4 9 9 6 6 3 3 4 4 4 4 2 2
1A 2A 4A 4A 3A 3B 2B 2C 6A 6B 8A 84 8B 8B 4C 4C
1 111 1 1: 1 1 1 1: 1 1 1 1: 1 1
1 1-1-1 1 1: 1-1 1-1 i = i =i 1 -1
1-1 - 1 1le 0 0 0 0: 28 2% 25 z2e 0 0
1-1—i ¢ 1 1e 0 0 0 0: 2l 23 28 22 0 0
4 0 0 0 1-2: 0 2-1 0e 0 0O 0 Oe 0 O
4 0 0 0-2 1: 2 0 0-1e 0 0 0 0e 0 O

The columns correspond to conjugacy classes C' of H, the first two entries being
|C'g+ (h)] for h in C and the Atlas name of the G-class containing C'. The characters
11, 1o, 13, 14, 41, 45 in (HT, )V have stabilizers H, H, Hy, Hy, H, H, in H.
Only the characters 11, 13, 14, 41, 42 extend to their stabilizers. Let E(11), E(13),
E(14), E(41), E(42) be the extensions given in (6.4). The isometry ut = (J7,¢*)

1 117 10— 127 51 — _427 52 — _413 81 — _137 82 — _14

is clearly stable under A(«).
Let x™ and 4™ be characters in (G*,e™)Y and (H™, f7)Y corresponding under
J*, and set

— E(x*) x E(y+),
E(x" x¢F) = _
SENA (ay) (E(XT) x E(¥1)),
&CCOI‘dng as (X+,1/)+) = (1,11), (81,13), (82,14) or (X+,1/)+) = (51,42), (52,41).
Here the characters on the right-hand side are to be restricted to the stabilizer of
xt x 1+ in A(a). The character 10 x 15 extends to a character E(10 x 15) of A(a).
Indeed, 10 and 15 extend to characters Eq(10) and E;(13) of G7 and H;, where
E;1(10) and E;(12) are the extensions given in Tables (6.3) and (6.4). Then

E1(10 x 1) = Resg 5 (E1(10) x Eq(12))

is A(a)-stable, so that E1(10 x 12) extends to a character E(10 x 15) of A(a). The
assignment YT x ¢+ — E(xT x ¢1) is A(a)-equivariant, and we may define

Eph) = > e NHEXT x¢F).

xtE(Gt,et)Y

E(uT)(z, y) satisfies conditions (I1.3a) and (11.3b) for (z,y) € Ala) = (G x HY).
Indeed, it suffices to take (z,y) € A(a1) — (G x HT), since z in G— GT commutes
with a non-trivial 3-element only if x € G;.

Let @ = (z) be a non-trivial cyclic subgroup of D. Then
GH=H}l=QxQ ~CsxCs, Go=Ho=QxQ'(t)~Csx Ss,

where t inverts ('. In particular, GQ < @1 and ﬁQ < H;. Moreover, 6(-5 =
f& =1 16 = Xeeoxav (€ X () is A(ag)-stable, and pfy(1,1) = 9. If ¢* # ¢,
then Q" £ ker( and A(ag)inz = GZ) X Hg If ¢! = ¢, then @ < ker( and
AaQ) w7 = Aagq). In this case ¢ x  extends to a character Eq (¢ x () containing
(Q" x Q"){(t, 1)) in its kernel. It follows easily that conditions (I1.3a) and (I1.3b)
hold. Moreover, EQ(;QS)(t, t) = 3, so that (G1) and (G2) also hold.
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Suppose p = 5. Then D ~ 5, HT ~ Dy, and H ~ 10: 4. The characters 1,9, 84,
8, in (G1,e™)Y have stabilizers G, G, G2, G2 in G and extend to their stabilizers.
Let E(1), E(9), E(81), E(82) be the extensions given in (6.3). The following is the
character table of H:

TABLE (6.5). H,p=>5

100 2 5 5 2 2 10 2 5 5 2 2
1A 2A 5A B* 4B 4B 2D 2A 10A B* 4C 4C
11 1 1: 1 1: 1 1 1 1: 1 1
1-1 1 1°: i —5: 1 -1 1 1: -
2 0 xe 0 0: -2 0-0b5 *e 0 O
2 0 *x bbe 0O 0:-2 0 * —b5e 0 0

The characters 11, 1, 21, 25 in (H™T, fT) have stabilizers H, H, Hy, H, in H and
extend to their stabilizers. Let E(1;1), E(12), E(21), E(22) be the extensions given
in (6.5). The isometry pt = (J,+,€,+) maps

=11, 9+ 1o, 81+ —2q, 8yt —2o.
uT is clearly A(a)-stable, and
E(ut) =E(1) x E(1;) — E(9) x E(13) — E(8;) x E(21) — E(82) x E(22),

where the right-hand side is suitably interpreted on A(«). Since A(ay) — (G x H)
and A(ag) — (G x H) contain no elements centralizing a 5-element, the conditions
(I1.3a) and (I1.3b) on E(u') need only be checked on (g,h) in A(ay). This is
straightforward.

The only non-trivial cyclic subgroup of D is D itself. Then

GB:H$:D, GD:gD:DX<t>2010.

In particular, Gp < Gy and Hp < H,. Moreover, eg = f; =1, MB is the
identity isometry, u7, is A(ap)-stable, and ph(1,1) = 5. We may choose EQ(ME)
as > (¢ x (), where ¢ runs over the characters of D x (t) with (¢) in their kernels.
Then Ep(u};)(t,t) = 5. The conditions (I1), (G1), (G2) now follow.

7. THE ISOTYPY CONJECTURE FOR ALTERNATING GROUPS FOR p = 2

Let G = S(II) = S, and Gt = A(Il) = A,, be the symmetric group and
alternating group on the set II of size n, and let p = 2. The 2-blocks of OG are
self-dual since 2-cores are self-dual. Thus each block of OG™ is covered by a unique
block of OG. Suppose e is a block of OG parametrized by the 2-core A\g. If e
has defect 0, then Res&+ (xa,) = Xao.+ + Xao,— and e covers two blocks of OG*
of defect 0, namely the blocks e4 containing x»,,+. If e has positive defect, then
(G,e)V contains characters xx which do not split on G+, and e covers a unique
block e™ of OG™. Thus a block of OG of positive defect covers a unique G-stable
block of OG™. Conversely a G-stable block of OG™ is covered by a unique block
of OG of positive defect.

We consider a block of OG* with abelian defect group. If the block is not G-
stable, then it has defect 0 and is e4+ for some block e of OG of defect 0. If the
block is G-stable, then it is e™ for a unique block e of OG of positive defect. Let
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w be the weight of e and let >, 2%w; be the 2-adic expansion of 2w. Then e has
defect group B

D= ][y,

i>1

where T; = Zo1 Z21- - -1 25 (i times) is a Sylow 2-subgroup of Sy, and e has defect
group DT = DNG*T < D.

Lemma (7A). Suppose Dt is abelian. Then either DT = 1 and D = Ty, or
D+2Z2 XZ2 CLTLdD:TQ.

Proof. T; is non-abelian for ¢ > 2 and [T}, T;] is non-abelian for ¢ > 3. Thus D is
Ty, Ty, or Ty x Ty. The case D = T x T is impossible since DT would have a
non-abelian section isomorphic to To. Thus D =T} or Tb. (|

Let e™ be a block of OG™ with abelian defect group D™ > 1, let e be the
unique block of OG covering e™, and let D be a defect group of e such that Dt =
DN G*. So (7TA) implies that D = Ty and Dt ~ Zy x Zs. Let H = Ng(DT)
and HT = Ng+(D7T). Let A\g be the 2-core parametrizing e. If [Ao| = 0, then
n=4 G=H =8,, Gt = H = A4, and the isotypy conjecture holds trivially.
If [\o| =1, then n =5, G = S5, GT = A5, H =Sy, HT = A4, and the isotypy
conjecture holds by [4, Appendice Al.1]. So we suppose |A\g| > 3 and n > 7. Let
II = IIy U II;, where Iy and IT; are the fixed-point set and the support of D. Let
H() = S(Ho) and Hl = S(Hl) = 54. Then H = H() X Hl, H+ = (HO X H1)+, and

Cg(D+) = CH(D+) = HO X D—i_7
Cg+(D+) = CH+ (D+) = HS_ x DT,
Let x», be the character of Hy parametrized by Ao, let 15, be the 1-character of
H,, and let f be the block of OH containing xx, X 1g,. Then f covers a unique
block f* of OH" since Restt, (xa, X 1g,) is irreducible, and f and f* are the
Brauer correspondents of e and e™. We take as maximal e*-subpair (DT, e}, ) and
maximal fT-subpair (D¥, f},) the subpair (DT, ey, +), where ey, + is the block

of O(Hy x D%) containing xx,.+ X 1p+.
The partitions A with 2-core Ay have the following 2-quotients:

(2,0), (12,0), (1,1), (0,2), (0,1%).

We label the x by the 2-quotients of A\ as X(2,0)> X(12,0)> X(1,1)> X(0,2)> X(4,12)- In
particular, X(, ) = X(0,12), X{12,9) = X(0,2)» X{1,1) = X(1,1)- SO (GT,et)V consists
of the four characters

X(2.0) = Res@ (X(2.0)); X(12.0) = ResZi (Xa2.0))s  X(1,1).4

where x(1,1),+ are the constituents of Res&y (x,1))-
The irreducible characters in (H, f)V are
Xxo X X)), Xxo X X(3,1)> XX X X(22),  Xxo X X(2,12),  XXxo X X(14)5

where the second factors are the irreducible characters of S(II;). Since the parti-
tions (4), (3,1), (2), (2,1%), (1) have 2-quotients (2,0), (12,0), (1,1), (0,2), (0,1%),
we also label these characters in (H, )Y as ¥(2,0), ¥(12,0), Y(1,1)» Y(0,2)> Y(0,12)- In
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particular, ¥, o) = ¥(,12), V{12 9y = Y(0,2)> ¥{1.1) = Y,1)- So (HT, fT)V consists
of the four characters

bo) = Resifs (Va0),  Ufeg) = Resis (baz0), Y

where 1)(1,1),4 are the constituents of Resg+ (Y1)
Let ut = (J¥,€t) be the isometry in R ((G*,et), (HT, f+)) given by

X?_z,@) = 1/’;57@)7 X?_127(0) — —w(ﬁw)’ X(1,1),£ —¢<1,1>,i~
Each non-trivial cyclic subgroup P = (x) of D is Z(D)! for some t in A(II;). Thus
Gm: z:S(HO)XDta G::H;:(S(HO)XDt)—i_

and the subpairs ((z),e}) and ((z), ff) coincide. We take puf = (JI,ef) as the
identity isometry. The diagram

R +
CF(G*, et K) —2, CF(H*, f+,K)
(7.1) ldgf;) ld;;ﬁ)

R + 7
CFy (Gh,ef, K) —=% CFy (H}, [, K)
is then commutative. Indeed, it suffices to show that
XT(zy) =R, () (zy)

for all x* in (GF,e%)¥ and all y in H,,. Such y’s lic in A(Ily). Now
X(2.0)(@Y) = X(2,0)(2Y) = X200 (),
Xaz,@)(gjy) = X(127®)($y) = X0 (¥),
by the Murnaghan-Nakayama formula. On the other hand,
b0 (@Y) = Y0 (@Y) = x00 (%),
Uiz ) (@Y) = Yaz,0) (@) = —x00(¥),

since x(4)(z) = 1 and x(3,1)(z) = —1. Lastly,

1
X(1,1),i($y) = 5)((1,1)(5103/) = —XXo (y)

The first equality holds since zy has cycle type unequal to n()), where A is the
partition with 2-core A9 and 2-quotient (1,1). The second equality holds by the
Murnaghan-Nakayama formula. We may suppose with suitable labeling that

V1), +(@Y) = Xoo+ (W)X (22),+ () + X0, — W)X (22),— (@),
Y(1,1),— (2Y) = X+ (W)X (22),— () + Xao,— (W)X (22),+ ().

Both equal xx, (), since x(22),+(z) = 1. Thus (7.1) is commutative. It now follows
as in §5 that e and f* are isotypic blocks.
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